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ABSTRACT

We introduce the Push-Forward Signed Distance Morphome-
tric (PF-SDM) for shape quantification in biomedical imag-
ing. The PF-SDM compactly encodes geometric and topolog-
ical properties of closed shapes, including their skeleton and
symmetries. This provides robust and interpretable features
for shape comparison and machine learning. The PF-SDM
is mathematically smooth, providing access to gradients and
differential-geometric quantities. It also extends to tempo-
ral dynamics and allows fusing spatial intensity distributions,
such as genetic markers, with shape dynamics. We present
the PF-SDM theory, benchmark it on synthetic data, and ap-
ply it to predicting body-axis formation in mouse gastruloids,
outperforming a CNN baseline in both accuracy and speed.

Index Terms— geometric shape analysis, level-set meth-
ods, shape quantification, morphometric, vector embedding

1. INTRODUCTION

The human visual system excels at grouping similar-looking
objects based on their shape, forming equivalence classes that
remain invariant under shape-preserving transformations—
rotation, translation, reflection, and scaling. Capturing this in
a quantitative metric, however, remains a challenge.

Shape metrics, often called morphometrics in biomedicine,
have been extensively investigated to quantify differences in
shapes. Classic morphometrics, such as Generalized Pro-
crustes Analysis (GPA) [1] and Elliptical Fourier Analysis
(EFA) [2], are widely used but have important limitations:
GPA depends on landmark selection, while EFA is sensitive
to the initial tracing point. Topological approaches like the
Euler Characteristic Transform (ECT) and Persistent Homol-
ogy Transform (PHT) [3] capture global mutli-scale features
but lack smooth geometric information.

Approaches based on Signed Distance Functions (SDF)
[4] provide geometric representations from which inter-
pretable shape descriptors can be derived. The SDF measures
the signed orthogonal distance from any point in the domain
to the boundary of a closed shape. The singularities in the
SDF are the topological skeleton of the shape, which is im-
portant for shape similarity [5]. However, most SDF methods
are limited to discrete representations of the SDF, and the
SDF is not invariant to shape-preserving transformations.

Here, we provide a shape-preserving and continuous SDF
variant, the Push-Forward Signed Distance Function (PF-
SDF). It is mathematically smooth and relies on a common
reference domain for shape invariance. From the Fourier
transform of the PF-SDF, we derive the Push-Forward Signed
Distance Morphometric (PF-SDM) to capture topological and
geometric shape features. We show that this morphometric
yields robust and interpretable embeddings that extend to
temporal dynamics and can be fused with spatial distributions
of, e.g., genetic markers. We showcase this by applying PF-
SDM to predicting body-axis formation in mouse gastruloids.
Formulating the resulting machine-learning problem in PF-
SDF space, instead of pixel space, improves both accuracy
and computational cost over a CNN baseline.

2. METHOD

Once a geometric model of a biological object is available,
e.g., from image segmentation, the PF-SDM is computed on
a per-object basis in three stages: SDF computation, PF-SDF
mapping, and morphometric evaluation.

We define a shape S ⊆ Ω as a closed smooth manifold of
co-dimension one [6], embedded in a domain Ω := (−1, 1)2,
and SM := {Si}Ni=1 a set of N ∈ N shapes. We consider
a data set IN ⊆ Rp×p of 2D p × p images. Each image is
preprocessed by segmenting the shapes within it and scaling



each shape it to fit within the unit circle, yielding a set of
points xSi := {xl,i}

Np

l=1 ⊆ Si sampled on each shape Si.

2.1. Signed Distance Function computation

We first compute the classic Signed Distance Function (SDF)
ϕS : Ω 7→ R for a given shape S by numerically solving the
viscous Eikonal equation [7]. The adjustable viscosity term
µ ∈ R+ ensures numerical stability by regularizing the SDF
around singularities. Specifically, we solve{

∥∇ϕ(x, y)∥22 + µ∆ϕ(x, y) = 1 (x, y) ∈ Ω,

ϕ(x, y) = 0 (x, y) ∈ S,
(1)

where ∥ · ∥2 denotes the ℓ2-norm of a vector. The boundary
condition for Eq. (1) is sampled at the points xS ⊆ S on the
shape. Due to the ℓ2-term, Eq. (1) is nonlinear in ϕ. We solve
it numerically using polynomial surrogate models (PSM) and
Sobolev cubatures [8]. This results in a smooth polynomial
approximation of the SDF.

2.2. Push-Forward Signed Distance Function

The SDF ϕS provides a smooth representation of a shape
S. While SDFs are widely used in shape analysis, they are
not invariant to shape-preserving transformations [9]. To ad-
dress this limitation, we introduce the push-forward signed
distance function (PF-SDF) ϕS∗ : Ωr 7→ R. This achieves
scale and translation invariance by mapping to a reference do-
main Ωr ⊆ R2, deforming the original SDF ϕS such that its
zero level set aligns with the reference shape Sr := ∂Ωr, i.e.,
Sr = {x ∈ R2 : ϕS∗(x) = 0}.

In the following, we consider Ωr to be the unit disk Ωr =
(0, 2π)×(0, 1) := {x ∈ R2 : ∥x∥2 ≤ 1} with boundary Sr =
{x ∈ R2 : ∥x∥2 = 1}. The push-forward map of the SDF
ϕS onto Sr is represented as a deformation map Ψζ : S 7→
R2, deforming S to Sr as Ψζ(x, y) := (x + νζx(x, y), y +
νζy (x, y)). Here νζx , νζy ∈ Πm(S) are degree-m polynomi-
als with Chebyshev coefficients ζx, ζy ∈ R(n+1)2 , determined
by solving

min
ζx,ζy∈R(n+1)2

∫
S

(Ψζ − xr)
2 ds with (2)

xr(x, y) := arg min
xr,yr∈Sr

(∥xr − x∥2 + ∥yr − y∥2) .

This determines Ψζ on the subset S ⊆ Ω, as the objective
functional is integrated over S rather than the entire domain
Ω. To obtain a global deformation map Ψζ : Ω → R2, we
construct a harmonic extension of Ψζ [10]. In polar coordi-
nates (θ, r), this yields:

ϕS∗(θ, r) = ϕS(Ψζx(x(θ, r), y(θ, r)),Ψζy (x(θ, r), y(θ, r))
(3)

with x(θ, r) = r cos(θ), y(θ, r) = r sin(θ).

2.3. Morphometric evaluation

The PF-SDF maps any shape to the unit disk Ωr, where r = 1
is the shape boundary and r = 0 its center, while retaining the
geometric richness of traditional SDF formulations. In partic-
ular, morphometrics can be defined as shape similarity mea-
sures between the PF-SDFs ϕS∗

i
, ϕS∗

j
of two shapes Si, Sj .

Here, we propose a morphometric based on the Fourier trans-
form of the PF-SDF.

The Fourier transform is a natural choice because the PF-
SDF for any radius r is 2π-periodic. Therefore, we consider

ϕ̂S∗(θ, r) =

NF∑
n=0

cn(r) e
−inθ, (4)

where NF ∈ N is a fixed number of Fourier coefficients cn :
(0, 1) 7→ R. The coefficients are functions of r, given by

cn(r) =
1

2π

2π∫
0

ϕS∗(θ, r) e−inθ dθ . (5)

This renders the PF-SDM invariant to rotation and reflec-
tion. The map S 7→ cϕS

(r) := {cn(r)/∥cn(r)∥2}NF
n=1,

cϕS
: (0, 1) 7→ RNF , directly provides a vector embedding of

the shape S.
The PF-SDF can optionally account for an intensity field

IS : Ω 7→ R. This can be any scalar field in the image,
for example the fluorescence intensity of a genetic marker.
Using the deformation map from Eq. (2), the intensity signal
is mapped to the same unit disk, yielding IS∗ : Ωr 7→ R with
normalized Fourier coefficients cIS .

Together, this defines the intensity-aware PF-SDM dis-
tance between two shapes S1, S2 ⊆ Ω,

dϕ(S1, S2) :=

1∫
0

(
cϕS1

(r)− cϕS2
(r))2 dr

+

1∫
0

(
cIS1

(r)− cIS2
(r))2 dr . (6)

The PF-SDM of any shape is invariant to shape-preserving
transformations, and so is the above distance.

3. RESULTS

We validate the PF-SDM on a synthetic benchmark data set to
confirm its invariance properties and compare it with previous
morphometrics in terms of its robustness and interpretability.
Then, we illustrate the application of the PF-SDM to a bi-
ological problem that includes temporal dynamics of shapes
and of the intensity field of a genetic marker. Specifically,
we consider the problem of predicting body-axis formation in
mouse gastruloids from fluorescence microscopy images. In
all experiments, we use Np = 100 boundary points per shape.



3.1. Synthetic Validation Benchmark

We assess the robustness of the PF-SDM to shape-preserving
transformations by considering a synthetic data set of five
base shapes: a circle (S1), an elongated shape (S2), an asym-
metrically folded shape (S3), a rounded square (S4), and a
branched shape (S5) (see examples in Fig. 1, bottom-right).
Each base shape is transformed ten times by random trans-
lation, rotation, reflection, and isotropic scaling, resulting in
50 transformed shapes. We compute full pairwise distance
matrices between these 50 shapes using three different mor-
phometrics:

• PF-SDM: Shape distances are computed using Eq. (6)
with NF = 10 Fourier coefficients and no intensity field.

• EFA: We represent each shape using the first 10 elliptical
Fourier harmonics, computed with the spatial-efd
package [11]. The resulting coefficients are normalized,
yielding one coefficient vector per shape.

• GPA: We sample equidistant boundary points from EFA.
GPA is then used on these landmark points to compute
pairwise distances between aligned shapes.

The first two components of a Multi-Dimensional Scaling
(MDS) [12] reduction of the resulting distance matrices are
shown in Fig. 1.

Fig. 1. First two MDS components of the shape distance ma-
trices computed with PF-SDM (left), EFA (center), and GPA
(right) over ten shape-preserving transformations of each of
the five test shapes shown in the inset legend. Point colors
match shape-legend colors.

The data shows that PF-SDM yields the most robust clus-
tering under shape-preserving transformations. Randomly
perturbed instances of the same shape remain more tightly
grouped than in EFA and GPA. In addition, the PF-SDM
uncovers a meaningful hierarchy of shape similarity: The cir-
cle and rounded square clusters are closest, followed by the
folded shape, while the elongated and branched shapes are
mapped the farthest apart. This demonstrates the robustness
of PF-SDM to transformations, its geometric interpretability,
and its superior performance over EFA and GPA.

Interestingly, the hierarchy revealed by PF-SDM—from
spherical to folded to branched—mirrors the typical morpho-
logical progressions observed in developmental biological
systems.

3.2. Application to Mouse Gastruloids

To illustrate the use of the PF-SDM in a challenging devel-
opmental biology application, we consider the developmental
dynamics of mouse gastruloids. Gastruloids are an in vitro
stem-cell-based embryo model recapitulating aspects of body
patterning and morphogenesis [13]. Their generation induces
expression of the transcription factor Brachyury, followed
by symmetry breaking and body-axis formation [13, 14].
During this morphogenetic process, gastruloids transition
from a spherical to an ovoid/teardrop and finally to an elon-
gated shape [13, 14]. Unlike a natural embryo, however,
gastruloids occasionally form multiple body axes [15]. We
analyze time-lapse videos of gastruloids with an mCherry-
labeled Brachyury reporter [16, 14], imaged in brightfield
and mCherry channels every 45 min. The data set consists of
78 videos (25 time frames each) of gastruloids, of which 65
developed a single axis and 13 multiple axes.

Fig. 2. Shape analysis of developing mouse gastruloids. (A)
Representative gastruloid images from the single-axis (blue
frame) and multi-axes (orange frame) classes at early (circle),
intermediate (triangle), and late (square) times, along with a
posterior reference at 94 h. Brachyury::mCherry intensity is
shown in red. (B) PCA trajectories of NF = 25 PF-SDM
Fourier coefficients c for Brachyury intensity (top) and shape
(bottom) for the examples from (A) across 25 time points.

We represent each gastruloid independently at every time
point using the PF-SDF for both its shape and the Brachyury



intensity field. Figure 2A shows representative gastruloids
from the two classes across time. Figure 2B shows the PCA
trajectories of NF = 25 PF-SDF Fourier coefficients for the
shapes from (A). At early times (circle in Fig. 2B), gastruloids
exhibit similar morphologies and intensity distributions. At
intermediate stages (triangle), shape differences between the
two classes start to be captured by the PF-SDM. The differ-
ences in shape persist until the final time (squares), whereas
differences in shape-corrected intensity further amplify, indi-
cating that molecular asymmetry precedes shape dynamics.

We next ask whether the eventual formation of multiple
axes can be predicted from images at earlier times (74. . .92 h)
when morphological differences between the classes are not
yet obvious to the human eye (Fig. 2A). This makes the
task intrinsically challenging but biologically meaningful,
since it tests whether early cues in shape and gene expres-
sion can predict future developmental fate. Ground-truth
labels (single-axis vs. multi-axes) for training were assigned
retrospectively, based on morphological outcomes observed
at later times (94. . .120 h), when the emergence of one or
multiple axes becomes unambiguous.

For classification, the PF-SDF Fourier coefficients from
all 25 time points are concatenated into one vector. We train
logistic regression classifiers with balanced class weights sep-
arately for the shape and intensity features and compare clas-
sification performance with a convolutional neural network
(CNN) baseline [14] trained directly on pixel segmentation
masks and raw intensity images. The CNN is exposed to
1.55 million augmented images during training (62 videos
× 25 time points × 1000 augmentations; affine transforma-
tions for shapes, affine and noise perturbations for intensi-
ties). All classifiers output separate class probabilities for the
shape and intensity channels, pSDF and pI. Final predictions
are computed by late fusion as pfusion = αpSDF + (1− α) pI,
with α ∈ [0, 1] tuned for each classifier to maximize balanced
accuracy on held-out test splits. Evaluation is done with re-
peated stratified shuffle splits (k = 5, test size 20%) [17].

The results in Fig. 3 show that logistic regression over
PF-SDM features consistently outperforms the CNN baseline
both in accuracy and balanced accuracy, despite the severe
class imbalance. Moreover, classification based on PF-SDM
required an order of magnitude less compute resources (4 min
vs. 50 min for CNN training). The accuracy gains in PF-SDM
are explained by the shape features, whereas the intensity fea-
tures achieve the same performance as the CNN. Importantly,
the fusion of shape and intensity improves the mean perfor-
mance across test splits, suggesting complementary biologi-
cal contributions of morphology and gene expression.

4. CONCLUSION

We presented the Push-Forward Signed Distance Morphome-
tric (PF-SDM), a continuous geometric morphometric that is
invariant to shape-preserving transformations. We provided

Fig. 3. Comparison of classification performance between lo-
gistic regression over PF-SDM features and the CNN base-
line [14]. Accuracy (plain) and Balanced Accuracy (shaded)
are shown for shape, intensity, and fusion (shape+intensity)
features. Error bars: empirical standard deviation across five
stratified test splits.

the theoretical foundation for PF-SDM and a practical algo-
rithm for its computation (available in Python from https:
//git.mpi-cbg.de/mosaic/software/machin
e-learning/pf-sdm and as a Napari plugin from http
s://git.mpi-cbg.de/mosaic/software/mach
ine-learning/pf-sdm-napari-plugin). Through
experiments on synthetic shapes, we confirmed that PF-SDM
generates robust (to shape transformations) and interpretable
hierarchical embeddings of geometric objects based on their
shapes, outperforming both Elliptical Fourier Analysis (EFA)
and Generalized Procrustes Analysis (GPA). We then applied
the proposed PF-SDM to the biological problem of predicting
body-axis formation in mouse gastruloids from microscopy
images. There, simple logistic regression over PF-SDM fea-
tures outperformed a custom CNN trained on the raw im-
ages, while requiring ten-fold less computer time. This show-
cases the benefits of formulating a machine-learning question
in a more appropriate space with the correct in- and equi-
variances. Indeed, the PF-SDM transforms spatiotemporal
shape dynamics to mathematically smooth and geometrically
interpretable compact features that can directly be fused with
gene-expression patterns.

For the sake of clarity and simplicity, we considered only
two-dimensional shapes and their temporal dynamics. Ex-
tending the PF-SDF framework to 3D+time is subject to on-
going work. All mathematical concepts do, however, general-
ize to higher dimensions. More difficult is the generalization
from closed shapes to open or non-singly-connected mani-
folds, which would require tree or vector SDFs [18]. PF-SDM
could also be generalized to Sobolev norms [19], which could
help capture higher-order geometric features. Finally, future
work could attempt to formally prove the differentiability of
PF-SDM distances, which could be conjectured from their
smoothness and continuity. This would open new avenues for
incorporating PF-SDM terms in loss functions of machine-
learning models to enhance shape representation [20].
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