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 A B S T R A C T

We propose a method for variable selection in the intensity function of spatial point pro-
cesses that combines sparsity-promoting estimation with noise-robust model selection. As 
high-resolution spatial data becomes increasingly available through remote sensing and auto-
mated image analysis, identifying spatial covariates that influence the localization of events is 
crucial to understand the underlying mechanism. However, results from automated acquisition 
techniques are often noisy, for example due to measurement uncertainties and detection errors. 
We study the impact of such noise on sparse point-process estimation across different models. 
To improve noise robustness without requiring additional knowledge about the true process, 
we propose to use stability selection based on point-process subsampling and to incorporate a 
non-convex best-subset penalty to enhance sparsity. In extensive simulations, we demonstrate 
that this approach reliably recovers true covariates under diverse noise scenarios and improves 
both selection accuracy and stability. We then apply the proposed method to a forestry data 
set, analyzing the distribution of trees in a tropical rain forest. This shows the practical utility 
of the method for robust variable selection in spatial point-process models under noise, without 
requiring additional knowledge of the process.

1. Introduction

Spatial data, described through the locations of points or events, are ubiquitous in applications. They are found in ecology (Renner 
and Warton, 2013; Renner et al., 2015), forestry (Waagepetersen and Guan, 2009), epidemiology (Zimmerman, 2008; Diggle, 2013), 
cell biology (Helmuth et al., 2010; Parra, 2021; Summers et al., 2022), and telecommunications (Li et al., 2015). Such data can be 
statistically modeled by spatial point processes. A spatial point-process model represents probabilities of observations as a random 
subset 𝑋 ⊆ 𝑊 , where 𝑊  is an observation window of interest, i.e., the domain of the data. A fundamental quantity in spatial point 
processes is the expected number of events over 𝑊 , which is described by the intensity of the process as the first moment of the 
distribution over 𝑋.

In practical applications, the intensity is often unknown, as the point process is observed through data, i.e., realizations of a 
point process. A common task then is to estimate the intensity at a location 𝑢 ∈ 𝑊  from an observed point pattern with respect 
to some covariates 𝑧(𝑢) ∈ R𝑝, 𝑝 ≥ 1. While estimation of the intensity function is well studied (Møller and Waagepetersen, 2007), 
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most methods do not explicitly account for uncertainty in the data, and the robustness of point-process estimation under noise has 
received little attention so far (Guttorp et al., 2023).

In spatial point processes, noise can occur by design, for example, in presence-only analysis in ecology (Renner et al., 2015), 
where events are modeled only if they are detected and not necessarily everywhere they are present. But it can also be introduced 
by automated data analysis, for example, in remote sensing (Gillespie et al., 2024), biomedical image analysis (Kuronen et al., 2021; 
Parra, 2021), and automated geocoding (Zimmerman, 2008; Briz-Redón, 2024). Noise comes in two flavors: point localization errors 
due to measurement uncertainties and misdetected events due to detection errors. Both types of noise can influence the performance 
of estimators in nontrivial ways.

Previous works on estimation under noise either focused on explicitly modeling noise and correcting the estimates (Assunção and 
Guttorp, 1999; Lund and Rudemo, 2000; Kuronen et al., 2021; Zimmerman, 2008; Briz-Redón, 2024) or on cross-validation (Yue 
and Loh, 2015; Rajala et al., 2018; Choiruddin et al., 2020). While this improves the accuracy of the estimates, it is inconsequential 
for the robustness of the estimator. Moreover, cross-validation becomes difficult if repeated experiments are not available or the 
number of samples is small, as correlations can lead to overfitting. Noise correction, on the other hand, requires a statistical noise 
model, which might not be available in applications where the data-acquisition process is not well understood. We therefore aim 
to devise an approach for estimating the intensity function without such assumptions and with high robustness, especially at small 
sample sizes. 

Estimation from small sample sizes becomes particularly difficult when the number of covariates is large. Then, it becomes 
necessary — both for interpretability and computational efficiency — to use automatic variable-selection procedures (Hastie et al., 
2015). The goal of variable selection is to identify a small set of covariates that are collectively sufficient to explain the observed 
spatial distribution of points. It is easy to see how changes in the observed point patterns due to noise can influence the set of 
selected variables.

The problem of variable selection has been addressed from different viewpoints. Fitting regularized maximum-likelihood 
estimators has been proposed for Poisson and clustering processes (Thurman and Zhu, 2014; Thurman et al., 2015; Choiruddin 
et al., 2018), as well as for Gibbs point processes (Yue and Loh, 2015; Ba and Coeurjolly, 2023). It has also been shown how such 
regularization techniques can be used to detect the correlation structure of highly multivariate point processes (Rajala et al., 2018; 
Choiruddin et al., 2020). Thurman et al. (2015), Choiruddin et al. (2018), Ba and Coeurjolly (2023) have established asymptotic 
results for the resulting estimators in an increasing domain for certain regularizations and processes. An alternative approach solved 
auxiliary tasks for variable-importance measures (Spychala et al., 2024). Collectively, these works have established the feasibility 
of variable selection in point-process modeling.

Variable selection in spatial point processes is not only feasible, but practically efficient. Experimental results have demonstrated 
that adaptive regularization methods, such as the adaptive Lasso (Zou, 2006), are particularly effective at recovering the sparse 
support of a model (Choiruddin et al., 2018; Ba and Coeurjolly, 2023; Coeurjolly et al., 2023). The problem then reduces to finding 
the optimal regularization parameter, which is commonly done by information criteria (Choiruddin et al., 2018, 2021; Ba and 
Coeurjolly, 2023). Information criteria, however, do not account for uncertainty in the data, and they require additional knowledge 
about the ground-truth point process to model the degrees of freedom. Specifically, variable selection using information criteria 
requires modeling or knowing the pair-correlation function of the process, which is often unknown in applications, and it does not 
improve noise robustness.

Here, we propose a method to improve the noise robustness of variable selection in point-process intensity estimation that 
does not require additional knowledge about the true process or its pair-correlation function. Specifically, we use stability 
selection (Meinshausen and Bühlmann, 2010; Shah and Samworth, 2013) for model selection. Stability selection yields a robust 
statistic for model selection based on a consensus across multiple repetitions. This has been shown to increase variable selection 
performance under noise (Maddu et al., 2022), as well as selection stability compared to the Lasso (Nogueira et al., 2018). Stability 
selection is based on subsampling the data. For point processes, subsampling can be done by 𝑝-thinning. It has been shown that 
subsampling-based estimators are effective at finding the optimal bandwidth of kernel density estimates of point processes (Cronie 
et al., 2024). Inspired by these results, we derive estimating equations for stability selection over point processes. This allows 
controlling the per-family error rate (PFER) of the estimator under noise (Meinshausen and Bühlmann, 2010) and is easily integrated 
into existing algorithms and software.

The error control and noise robustness of stability selection can be modularly combined with different underlying sparsity-
promoting inference losses. The most frequently used sparsity-promoting penalty for variable selection in point processes is the 𝐿1
Lasso penalty. Lasso-type penalties are convex relaxations of the true variable-selection problem. Non-convex relaxations have also 
been considered in the literature, such as SCAD and MC+ (Choiruddin et al., 2018), but they remain relaxations. Variable selection 
amounts to best-subset selection, which is most directly modeled by a 𝐿0 penalty. This, however, leads to a hard combinatorial 
optimization problem, since algorithms for 𝐿0 optimization with guarantees have exponential time complexity. Motivated by results 
from compressed sensing (Blumensath and Davies, 2009) and PDE learning (Maddu et al., 2022), and to showcase the flexibility of 
stability selection to handle hard edge cases, we here consider the 𝐿0 penalty in addition to the (adaptive) Lasso. Although it renders 
the resulting optimization problem non-convex, the 𝐿0 penalty promises (in theory) faster convergence in the risk than the Lasso, 
without requiring assumptions on the design matrix (Bach, 2024). We leverage proximal operators to compute approximate, locally 
optimal solutions to the 𝐿0 problem without theoretical guarantees on global optimality. We confirm in numerical experiments that 
the sparse local minima thus identified are sufficient to recover the true support of the model in many cases, while outperforming 
the Lasso due to stronger thresholding and reduced shrinkage bias. In combination with stability selection, 𝐿0 penalization can 
provide additional improvements in selection performance under noise.
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We validate the proposed combination of stability selection and 𝐿0 penalization on synthetic data of simulated point processes 
with varying noise levels and different noise types at small sample sizes. The experiments suggest that the proposed algorithm is 
able to recover the true covariates under noise while being robust to overfitting, and the control over the PFER allows for principled 
model selection. We compare the model-selection performance of stability selection with that of various information criteria with and 
without oracle knowledge of the pair-correlation function. While stability selection introduces a computational overhead that scales 
linearly with the number of subsamples, we find that it improves variable-selection performance and robustness of the estimator, 
in particular when combined with a 𝐿0 penalty.

To show the practical utility of the proposed method, we apply it to a real-world forestry data set, where we analyze tree 
occurrences in relation to elevation and soil nutrients. The identified models are consistent with results from the literature, but 
they tend to contain fewer variables and do not require knowledge of the underlying process or its pair-correlation function. We 
therefore believe that the proposed intensity estimation method is a useful addition to the toolbox of spatial point-process modeling, 
in particular in the presence of noise and at small sample sizes.

2. Methods

We review the formulation of spatial point processes considered here and introduce the notation. Then, we present the methods 
for sparse intensity estimation and model selection.

2.1. Spatial point processes and estimating function inference

A spatial point process 𝑋 is a random process on 𝑊 ⊆ R𝑑 , 𝑑 ≥ 1, whose realizations 𝑋 = {𝑢𝑖}𝑛𝑖=1 are a locally finite subset of 𝑊 . 
We denote 𝑁(𝐵) = |𝑋 ∩ 𝐵| as the number of points in some region 𝐵 ⊆ 𝑊  and say 𝑋 is locally finite if 𝑁(𝐵) < ∞ for all 𝐵 ⊆ 𝑊 . As 
the distribution of 𝑋 is in many cases difficult to express, either through counting measures or void probabilities, statistical inference 
usually revolves around the characterization of point processes through joint intensity functions (Møller and Waagepetersen, 2007; 
Baddeley, 2007). Given a set of points 𝑢1,… , 𝑢𝑚 the 𝑚th order joint intensity 𝜌(𝑚)(𝑢1,… , 𝑢𝑚)d𝑢1,… , d𝑢𝑚 can be interpreted as the 
probability of finding one point in each of the infinitesimal regions d𝑢. More formally, we can define 𝜌(𝑚) through

E

{ ≠
∑

𝑢1 ,…,𝑢𝑚∈𝑋
𝟏(𝑢1 ∈ 𝐵1,… , 𝑢𝑚 ∈ 𝐵𝑚)

}

= ∫𝐵1

⋯∫𝐵𝑚

𝟏(𝑢1 ∈ 𝐵1,… , 𝑢𝑚 ∈ 𝐵𝑚)𝜌(𝑚)(𝑢1,… , 𝑢𝑚) d𝑢1 …d𝑢𝑚. (1)

As such, 𝜌(1) and 𝜌(2) characterize the first and second moments of the distribution. We abbreviate 𝜌(𝑢) for the first-order intensity 
𝜌(1)(𝑢) and define the pair correlation 

𝑔(𝑢, 𝑣) =

⎧

⎪

⎨

⎪

⎩

0 if 𝜌(𝑢)𝜌(𝑣) = 0 ,
𝜌(2)(𝑢, 𝑣)
𝜌(𝑢)𝜌(𝑣)

otherwise .
(2)

Using Palm conditioning, the product 𝜌(𝑢)𝑔(𝑢, 𝑣) can be interpreted as the intensity of observing a point at 𝑢 given that 𝑣 ∈
𝑋 (Coeurjolly et al., 2017). A value of 𝑔(𝑢, 𝑣) > 1 increases the probability of observing an additional point at 𝑢 and therefore 
indicates spatial attraction. Conversely, 𝑔(𝑢, 𝑣) < 1 decreases the probability of finding an additional point in some neighborhood and 
thus indicates spatial inhibition.

In the following, we consider processes that are second-order intensity-reweighted stationary, i.e., they only vary in their first 
moment, and their pair-correlation function is stationary (Diggle, 2013). Further restricting to isotropic interactions, this implies 
that the pair correlation simplifies to only depend on the distance 𝑟 between two points, i.e., 𝑔(𝑢, 𝑣) = 𝑔(𝑟). Many such processes 
can be modeled using a separable set of parameters 𝜃 = (𝛽⊤, 𝛼⊤) ∈ R𝑝𝑙+𝑞 . Here, 𝛽 = (𝛽1,… , 𝛽𝑝, 𝜔)⊤ ∈ R𝑝𝑙  specifies the parameters of 
the intensity, which is given as a log-linear model 𝜌(𝑢; 𝛽) = 𝜔 exp

{

𝛽⊤1∶𝑝𝑧(𝑢)
}

 depending on a set of spatial covariates 𝑧(𝑢) and 𝜔 > 0
setting the scale. The parameters 𝛼 ∈ R𝑞 model spatial interactions via the pair-correlation function 𝑔(𝑟; 𝛼).

Since the likelihood is intractable for processes other than the Poisson process, the use of composite likelihood approaches has 
become popular for parametric estimation (Møller and Waagepetersen, 2007). Campbell’s formula (Baddeley, 2007) can be used to 
specify a system of unbiased estimating equations (Lavancier et al., 2021). Given the above assumptions, we can estimate the mean 
using the Poisson score function 

𝑒(𝛽) ∶=
∑

𝑢∈𝑋

∇𝛽𝜌(𝑢; 𝛽)
𝜌(𝑢; 𝛽)

− ∫𝑊
∇𝛽𝜌(𝑢; 𝛽) d𝑢 = 0 . (3)

This can be seen as the limit of composite likelihoods of Bernoulli random trials over partitions 𝑐𝑖 ∈ 𝑊  as ∏𝑐𝑖
(𝜌(𝑐𝑖)|𝑐𝑖|)

𝑁𝑖

(1 − 𝜌(𝑐𝑖)|𝑐𝑖|)
1−𝑁𝑖 , for 𝑁𝑖 = 𝟏(𝑁(𝑐𝑖) > 0), and it provides an unbiased estimating equation even if the underlying model is not 

Poisson (Møller and Waagepetersen, 2007, 2017).1

1 This can be seen from Campbell’s formula, choosing 𝑓 (𝑢) = ∇ log 𝜌(𝑢; 𝛽) as the test function.
𝛽
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To estimate the parameters of the second-order properties of the process, one can use estimators based on the radially symmetric 
pair-correlation function 𝑔(𝑟), or the 𝐾-function, for the normalized number of events observed at distance 𝑟. If 𝑔(𝑟) or 𝐾(𝑟)
are known, non-parametric models of 𝑔̂(𝑟) or 𝐾̂(𝑟) can be used to estimate 𝛼 using minimum-contrast estimation (Møller and 
Waagepetersen, 2007; Waagepetersen and Guan, 2009). The non-parametric models 𝑔̂(𝑟) and 𝐾̂(𝑟) also depend on an initial estimate 
of the intensity 𝜌(𝑢; 𝛽), since they describe the ‘‘normalized’’ second-order properties of the process (Baddeley et al., 2000). Using 
the 𝐾-function, the objective function for the estimation of 𝛼 can be written as 

𝛼̂ = arg min
𝛼∈R𝑞 ∫

𝑟max

𝑟min

[

𝐾(𝑟; 𝛼)𝑏 − 𝐾̂(𝑟)𝑏
]2 d𝑟 . (4)

This minimizes the distance between the estimated and observed 𝐾-functions over some range [𝑟min, 𝑟max], which has to be chosen 
small enough to capture local variations. The exponent 𝑏 controls the variance of the estimator; it is chosen empirically (Diggle, 
2013).

In this paper, we consider two different point processes to assess how the underlying correlation structure affects variable-
selection performance. Specifically, we consider a Poisson point process with intensity 𝜌(𝑢; 𝛽), in which events are uncorrelated, and 
a Thomas process, which generates spatial clustering. To simulate a Thomas process with intensity 𝜌(𝑢; 𝛽) of the specified form, we 
first sample parent points 𝑌  from a homogeneous Poisson point process with intensity 𝜅 > 0. Conditional on each 𝑣 ∈ 𝑌 , we sample 
a second Poisson point processes 𝑋𝑣 with intensity 

𝜌𝑣(𝑢) = 𝜔 exp{𝛽⊤1∶𝑝𝑧(𝑢)}𝐍𝐨𝐫𝐦𝐚𝐥(𝑢; 𝑣, 𝜎2I𝑑 )∕𝜅 , (5)

where 𝐍𝐨𝐫𝐦𝐚𝐥(⋅) is the 𝑑-dimensional normal distribution, and 𝜔 > 0 controls the number of daughter points. The Thomas point 
process is then given by the superposition of all daughter-point patterns ∪𝑣∈𝑌𝑋𝑣. The pair correlation function in R2 is given by 

𝑔(𝑢, 𝑣) = 1 +
exp{−‖‖

‖

𝑢 − 𝑣‖‖
‖

2

2
∕(4𝜎2)}

4𝜋𝜅𝜎2
, (6)

which is attractive (𝑔(𝑟) ≥ 1) for all 𝑟 > 0 (Møller and Waagepetersen, 2007). Event clusters can thus either arise due to an 
inhomogeneous intensity function or from attractive interactions between points. This makes variable selection more challenging. 

2.2. Sparse intensity estimation

Parametric estimation of point-process models often revolves around identifying how spatial covariates 𝑧(𝑢) influence the 
expected number of points in some region of interest. If the dimensionality of 𝑧(𝑢) rapidly increases with 𝑝 ≫ 1, the question 
of sparse variable selection naturally arises. For point processes, we can adapt the Poisson likelihood in Eq. (3) to regularize the 
amount of selected variables similar to the Lasso: 

log𝓁(𝛽) =
∑

𝑢∈𝑋
log 𝜌(𝑢; 𝛽) − ∫𝑊

𝜌(𝑢; 𝛽) d𝑢 −
𝑝
∑

𝑖=1
𝜆𝑖ℎ(𝛽𝑖) . (7)

Here, ℎ denotes a penalty function to be chosen. Since previous studies argued for the use of adaptive penalties, we here use the 
adaptive Lasso, which has been found to perform best in for both intensity (Choiruddin et al., 2018) and conditional intensity (Ba 
and Coeurjolly, 2023) estimation tasks. Following Zou (2006), we set the adaptive penalty to 𝜆𝑖 = 𝜆∕|𝛽𝑖|, where 𝛽 is the unpenalized 
maximizer of Eq. (7). This provides a convex relaxation of the actual variable-selection problem.

Sparse variable selection penalizes the number of nonzero coefficients in 𝛽. This defines an 𝐿0 problem with penalty function 
‖𝛽‖0 ∶=

∑𝑝
𝑖=1 𝟏(𝛽𝑖 ≠ 0). This, however, constitutes a best-subset selection problem, which is NP-hard to solve exactly (Bach, 

2024) and breaks the assumptions on the derivatives for oracle properties as provided by Choiruddin et al. (2018), such that 
theoretical results are difficult to obtain. Moreover, the 𝐿0 penalty function is not differentiable, hampering the use of gradient-
based optimizers. Nevertheless, it can be approximately solved using proximal gradient descent (PGD), where the best-subset penalty 
amounts to hard thresholding. This favors sparser solutions than the shrinkage induced by the Lasso. Proximal operators provide a 
general framework for non-differentiable penalties (Yang and Yu, 2020). The proximal operator of a penalty function ℎ is defined 
as proxℎ(𝑥) ∶= argmin𝑣∈R𝑝

[

ℎ(𝑣) + 1
2
‖

‖

‖

𝑣 − 𝑥‖‖
‖

2

2

]

. This amounts to a generalized projection operator (Parikh and Boyd, 2014). PGD 
computes a series of parameter updates by gradient descent over the negative Poisson likelihood followed by applying the proximal 
operator of the penalty. For the 𝐿0-constrained problem with penalty weight 𝜆, this becomes

𝛽𝑡+1 = prox𝜆𝛾‖⋅‖0
(

𝛽𝑡 + 𝛾𝑒(𝛽)
)

(8)

= arg min
𝑣∈R𝑝

[

𝜆‖‖
‖

𝑣‖‖
‖0

+ 1
2𝛾

‖

‖

‖

𝑣 −
(

𝛽𝑡 + 𝛾𝑒(𝛽)
)

‖

‖

‖

2

2

]

(9)

= 𝑇√2𝜆𝛾
(

𝛽𝑡 + 𝛾𝑒(𝛽)
)

. (10)

Here, 𝛾 is the step size of the gradient descent, and 𝑇𝜉 is the hard-thresholding operator 

𝑇𝜉 (𝛽) =

{

𝛽 |𝛽| > 𝜉
(11)
0 else .

4 



D. Sturm and I.F. Sbalzarini Spatial Statistics 74 (2026) 101005 
Table 1
Penalty functions ℎ and their corresponding proximal operators, where 𝜆 is the penalty weight and 𝛾
the gradient-descent step size (see Algorithm 1). All proximal operators are evaluated element-wise.
 Penalty ℎ proxℎ Name  

 ‖‖
‖

𝛽‖‖
‖0

𝑇𝛾𝜆(𝛽) =

{

𝛽 𝛽2 > 2𝛾𝜆
0 else

best-subset selection — hard thresholding 

 ‖‖
‖

𝛽‖‖
‖1

𝑆𝛾𝜆(𝛽) =

⎧

⎪

⎨

⎪

⎩

𝛽 − 𝛾𝜆 𝛽 > 𝛾𝜆
𝛽 + 𝛾𝜆 𝛽 < −𝛾𝜆
0 else

Lasso — soft thresholding  

The same algorithm, with the correspondingly changed proximal operator, also applies to Lasso and elastic net penalties and their 
adaptive variants. Then, 𝑇𝜉 becomes the soft-thresholding or scaled soft-thresholding operator, respectively, resulting in the classic 
ISTA algorithm (Hastie et al., 2015). This is summarized in Table  1. The proximal operators for other non-convex penalties, such 
as SCAD and MC+, can be found in Gong et al. (2013).

We obtain a fast algorithm for first-order PGD by computing an adaptive step size 𝛾 ∈ R+ using the Barzilai–Borwein (BB) 
method (Barzilai and Borwein, 1988). This computes the step size from a scalar approximation of the Hessian by solving the 
least-squares problem 

𝛾̂ = arg min
𝛾∈R+

‖

‖

‖

𝛥𝛽 − 𝛾𝛥𝑔‖‖
‖

2

2
= |𝛥𝛽⊤𝛥𝑔|∕‖‖

‖

𝛥𝑔‖‖
‖

2

2
, (12)

where 𝛥𝛽 = 𝛽𝑡−𝛽𝑡−1 and 𝛥𝑔 = 𝑒(𝛽𝑡)−𝑒(𝛽𝑡−1) for two subsequent iterations 𝑡−1 and 𝑡. We observed empirically for the 𝐿1 problem that 
PGD with such an adaptive step size outperforms PGD with fixed step size and accelerated versions both in speed and stability (Beck 
and Teboulle, 2009; Hastie et al., 2015). In some of the cases presented below, however, we observed that BB step sizes can induce 
oscillations when using the 𝐿0 penalty, where a model term oscillates between being in the support and being set to zero. This is 
due to the dependence of the hard thresholding on the step size 𝛾 close to the inclusion boundary. Therefore, we use BB-adaptive 
steps only for the 𝐿1 penalty. For the 𝐿0 penalty, we use a fixed step size of 𝛾 = 10−3. We find that this performs comparably to 
accelerated PGD (Yang and Yu, 2020).

The algorithm stops upon convergence. We detect convergence if the likelihood does not increase over 1000 subsequent iterations 
or if the relative change in 𝛽 is below 𝜖 = 10−4 between two subsequent iterations.

2.3. Model selection

The penalization weight 𝜆 controls the number of selected variables and hence the complexity of the resulting model. 
Choosing 𝜆 is crucial. This is typically done using information criteria, such as the Akaike (AIC) or Bayesian information criteria 
(BIC) (Choiruddin et al., 2018, 2021, 2023). However, information criteria underperform for misspecified likelihoods, e.g., when 
estimating non-Poisson models using Eq. (3), because they ignore the correlation structure (Choiruddin et al., 2021). The model 
may then include additional covariates to compensate for unmodeled clustering in the data.

Correcting for unmodeled correlations, composite information criteria for the estimating equation in Eq. (3) have been 
derived (Choiruddin et al., 2021; Ba and Coeurjolly, 2023). This includes the composite BIC (Choiruddin et al., 2021) 

𝐜𝐁𝐈𝐂(𝛽) = −2 log𝓁(𝛽) + 𝐝𝐟 (𝜌𝛽 ) log𝑁(𝑊 ) , (13)

where 𝐝𝐟 (𝜌𝛽 ) = tr(𝑆−1𝛴) are the effective degrees of freedom with sensitivity matrix 𝑆 and asymptotic variance–covariance matrix 
𝛴. While 𝑆 can be estimated from the Hessian of log𝓁(𝛽), estimating 𝛴 requires additional knowledge about the pair-correlation 
function 𝑔(𝑟) of the process. Choiruddin et al. (2021) proposed the simplified estimator 

𝐝𝐟 (𝜌𝛽 ) = 𝑘 + tr(𝑆−1𝑇2) , (14)

with 𝑘 > 0 the number of non-zero entries in 𝛽 and 

𝑇2 = ∫𝑊 ∫𝑊
𝑧(𝑢)𝑧(𝑣)⊤𝜌(𝑢; 𝛽)𝜌(𝑣; 𝛽)(𝑔(𝑢, 𝑣) − 1) d𝑢d𝑣 . (15)

This requires estimating 𝑔(𝑢, 𝑣) using a valid parametric model (Choiruddin et al., 2021), which implies additional assumptions on 
the underlying process. If the underlying process is Poisson, i.e., if 𝑔(𝑢, 𝑣) = 1, the term 𝑇2 vanishes and 𝐝𝐟 (𝜌𝛽 ) = 𝑘 reduces to the 
standard BIC (Choiruddin et al., 2021).

Another generalization of the BIC to penalized likelihoods has been proposed with the extended regularized information criterion 
(ERIC) (Hui et al., 2015). The composite ERIC (cERIC) has been used to estimate Lasso-regularized conditional-intensity models of 
Gibbs point processes (Ba and Coeurjolly, 2023). It directly includes knowledge of the regularization parameter 𝜆 to weight the 
degrees of freedom: 

𝐜𝐄𝐑𝐈𝐂(𝛽) = −2 log𝓁(𝛽) + 𝐝𝐟 (𝜌𝛽 ) log
(

𝑁(𝑊 )
)

. (16)

𝜆
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Composite information criteria like cBIC and cERIC can outperform the standard BIC by favoring models with higher penaliza-
tion (Choiruddin et al., 2021; Ba and Coeurjolly, 2023).

Using composite information criteria on real data, however, poses two challenges: First, neither the pair-correlation function 
nor the intensity function of the underlying point process are usually known. Second, while composite information criteria correct 
for correlations in the data, they do not account for noise. We therefore propose an alternative model selection procedure based 
on stability selection. This does not require modeling the second-order moments, and it improves noise robustness by combining 
knowledge over several subsamplings of the data (Meinshausen and Bühlmann, 2010). In the context of sparse regression, stability 
selection can be understood as a bootstrap estimate of the inclusion probability of a covariate 𝛽𝑗 in the support of the model . As 
the support depends on the choice of 𝜆 ≥ 0, we estimate the support 𝜆(𝑍𝑖) over 𝐾 subsamples 𝑍𝑖, 𝑖 = 1,… , 𝐾, of the observed 
process 𝑋 over the regularization path 𝜆 ∈ [𝜆min, 𝜆max] =∶ 𝛬. The stability measure is then defined as (Meinshausen and Bühlmann, 
2010): 

𝛱𝜆
𝑗 ∶= P{𝑗 ∈ 𝜆} ≈ 1

𝐾

𝐾
∑

𝑖=1
𝟏(𝑗 ∈ 𝜆(𝑍𝑖)) , (17)

which converges by the law of large numbers given a sufficient bootstrap size 𝐾. In our experiments, we find that 𝐾 = 50 was 
sufficient. Larger 𝐾 did not significantly improve the results. The decision to select a covariate 𝛽𝑗 is taken by thresholding the 
inclusion probability P{𝑗 ∈ 𝜆}, i.e., 𝛽𝑗 is selected if and only if 𝛱𝜆

𝑗 ≥ 𝜋th. The threshold 𝜋th defines the required stability for a term 
to be included in the model. It is usually chosen between 0.7 and 0.9 as suggested by Meinshausen and Bühlmann (2010).

Stability selection estimates selection probabilities 𝛱𝜆
𝑗  and returns a set of selected variables based on 𝜋th. This is different 

from information criteria, where model support selection and coefficient estimation are done simultaneously. In stability selection, 
coefficient estimation is performed after the selection step using the full point pattern 𝑋 with fixed model support. Consequently, the 
method’s primary objective is the accurate identification of the model support; once the support is identified, the Poisson likelihood 
yields consistent coefficient estimates.

A distinctive advantage of stability selection over (composite) information criteria and cross-validation is the possibility for 
error control during model selection. Meinshausen and Bühlmann (2010) derived an upper bound on the per-family error rate 
(PFER), which is the expected number of falsely selected variables, as a function of the selection threshold 𝜋th and the expected 
number of selected terms over the regularization path 𝛬, 𝑞𝛬 = E{| ∪𝜆∈𝛬 𝜆

|}. Under an exchangeability assumption on the inclusion 
probabilities of noise variables, and for 𝜋th ∈ (0.5, 1), this bound is 

PFER ≤ 1
2𝜋th − 1

𝑞2𝛬
𝑝

. (18)

Following Meinshausen and Bühlmann (2010), and unless otherwise stated, we choose 𝜆max such that |𝜆max (𝑍𝑖)| = 0 and the 𝜆min
with 𝑞𝛬 =

√

0.8𝑝. At 𝜋th = 0.9 this guarantees that PFER ≤ 1. While the exchangeability assumption might not be satisfied in practice, 
for example if predictors are correlated, the empirical PFER in our experiments always remains close to or below the bound. The 
tightness of the bound could potentially be improved using complimentary-pairs stability selection (CPSS) (Shah and Samworth, 
2013). For the experiments below, this was not necessary, but we nevertheless describe how the approach presented here can be 
extended to CPSS. Bodinier et al. (2023) proposed model-based automatic calibration of the stability-selection hyperparameters for 
selecting the final model from a feasible set obtained by error control. We find that this procedure sometimes improves the 𝐹1 score, 
albeit at the cost of decreasing the True Positive Rate (TPR). Since this means that we might miss important covariates, we do not 
use automatic hyperparameter calibration here, although it can naturally be combined with our approach. Instead, and to maintain 
methodological simplicity, we use Eq. (18) for error control, which provides a principled procedure for model selection.

We use error control according to Eq. (18) only to identify the support of the model  with stability selection over 𝐾 = 50
subsamples 𝑍𝑖. The coefficient values are then estimated on the entire data 𝑋 with fixed model support. When creating the bootstrap 
samples 𝑍𝑖, we distinguish between replicated experiments and single observations. For replicated experiments  = {𝑍𝑖}𝑁𝑖=1, we draw 
subsets from  with replacement (Hastie et al., 2009). If there is only a single observation, the bootstrap samples are obtained by 
subsampling the point pattern 𝑋. Similar to Cronie et al. (2024), who used repeated subsampling of a point process to derive a 
point-process learning objective, we argue that subsampling 𝑋 should be done by independent thinning with retention probability 
𝑝thin ∶ 𝑊 → [0, 1], resulting in the thinned point pattern 𝑍𝑖. The intensity of the thinned point process is given by 𝜌𝑍 (𝑢) = 𝑝thin(𝑢)𝜌(𝑢), 
where 𝜌(𝑢) is the intensity function of the original point process (Møller and Waagepetersen, 2003). Motivated by classic stability 
selection and bootstrapping, we choose 𝑝thin = 0.5 unless mentioned otherwise.

This also readily extends to CPSS to allow for additional error control. There, one would estimate the parameters over both 𝑍𝑖
and 𝑋 ⧵ 𝑍𝑖 and evaluate the stability for all 2𝐾 subsamples using Eq. (17). This could be further extended to loss-guided stability 
selection (Werner, 2025). In that case, the set of coefficients would be chosen to minimize a given loss function, for which loss 
functions based on innovation measures, as used in point-process learning (Cronie et al., 2024), might be well suited.

Due to the known distributional properties of the thinned process, we can define estimating equations for the subsamplings 𝑍𝑖
in stability selection: 

𝑒𝑖(𝛽) ∶=
∑

𝑧∈𝑍𝑖

∇𝛽 log 𝜌(𝑧; 𝛽) − 𝑝thin ∫𝑊
∇𝛽𝜌(𝑢; 𝛽) d𝑢 . (19)

This follows from Poisson-likelihood inference over 𝜌𝑍 . Therefore, each 𝑍𝑖 can be used to obtain a bootstrap estimate of the 
underlying intensity function 𝜌(𝑢; 𝛽). The likelihood can be approximated by a weighted Poisson regression using the Berman–
Turner device (Berman and Turner, 1992) as implemented in standard generalized linear model software, such as the spatstat
6 
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Algorithm 1 Compute the stability path {𝛱𝜆𝑖}𝑀𝑖=1 for a penalty function ℎ from Table  1 using proximal gradient descent (PGD) with 
warm starts.
1: for 𝑘 ∈ {1,… , 𝐾} do
2:  𝑋𝑘 ← subsample(𝑋, 𝑝thin) ⊳ multinomial or 𝑝-thinning
3:  𝛽𝜆0 ← 0 ⊳ initialize with 0 for 𝜆0 = 𝜆max
4:  𝛾0 ← 10−4 if ℎ = 𝐿1 else 10−3
5:  for 𝜆𝑖 ∈ {𝜆1,… , 𝜆𝑀 ∶ 𝜆𝑖 > 𝜆𝑖+1} do ⊳ solve Eq.  (7)
6:  𝛽0𝜆𝑖 ← 𝛽𝜆𝑖−1
7:  for 𝑡 ∈ {1,… ,max_iter} or convergence do ⊳ perform PGD
8:  if 𝑡 > 1 and adaptive_step then
9:  𝛥𝛽 ← 𝛽𝑡−1𝜆𝑖

− 𝛽𝑡−2𝜆𝑖
10:  𝛥𝑔 ← ∇(− log𝓁(𝛽𝑡−1𝜆𝑖

;𝑋𝑘)) − ∇(− log𝓁(𝛽𝑡−2𝜆𝑖
;𝑋𝑘))

11:  𝛾 𝑡 ← |𝛥𝛽⊤𝛥𝑔|∕‖‖
‖

𝛥𝑔‖‖
‖

2

2
12:  end if
13:  𝛽𝑡𝜆𝑖 ← prox𝛾 𝑡𝜆𝑖ℎ(𝛽

𝑡−1
𝜆𝑖

− 𝛾 𝑡∇(− log𝓁(𝛽𝑡−1𝜆𝑖
;𝑋𝑘)))

14:  end for
15:  𝛽𝜆𝑖 ← 𝛽max_iter𝜆𝑖
16:  end for
17: end for

R package (Baddeley et al., 2016). The spatstat implementation has also been extended to Lasso and elastic net regularizations 
in the ppmlasso (Renner et al., 2015) and kppmenet (Choiruddin et al., 2024) R packages. Here, we numerically solve the 
estimating equations using pytorch (Paszke et al., 2019) by implementing the PGD algorithm and discretizing the integral in the 
estimating equations using midpoint quadrature. This provides the flexibility for using different penalties, as well as the possibility 
for tensorization and GPU acceleration. The pseudo-code for our implementation is given in Algorithm 1. It uses warm starts to 
accelerate the computation of the regularization path (Hastie et al., 2015). We empirically find this algorithm to be particularly 
effective at converging to sparse local minima for the non-convex 𝐿0 penalty.

3. Results

We empirically evaluate the proposed estimation procedure and compare it with model selection based on information criteria for 
data containing different types and levels of noise. We use simulated data with known ground truth to quantify the performance of 
the methods. As a baseline, we use a Poisson process with uncorrelated events. Then, we consider a Thomas process with correlated 
events as an example of a process with spatial attraction. We compare the variable-selection accuracy of the adaptive 𝐿0 and 𝐿1
penalties in conjunction with selection strategies based on information criteria and stability selection. Since estimating the intensity 
function of a Thomas process using the Poisson likelihood constitutes a misspecified model, we also evaluate the composite cBIC and 
cERIC in comparison with stability selection. Following the simulation benchmarks, we apply the proposed method to estimating the 
distribution of trees in a tropical rainforest. There, we aim to identify a sparse set of covariates, such as soil nutrients or topography, 
that influence tree distribution. This shall demonstrate the practical applicability of the proposed method.

3.1. Simulation benchmarks

We quantify the accuracy of the estimator using synthetic data. For this, we use the covariate data available from the Barro 
Colorado Island (BCI) research plot in Panama (Condit, 1998; Hubbell et al., 1999), which contains measurements of elevation, 
elevation gradients, and soil nutrients for a total of 15 covariates. We standardize all covariates and interpolate them to a common 
grid of size 201 × 101, which is the standard grid size for this dataset in spatstat. We consider the observation window 
𝑊 = [0, 250] × [0, 125] for the Poisson process and an erosion by 4𝜎 for the Thomas process to avoid edge effects. This is the 
same simulation setup as used in previous works (Choiruddin et al., 2018, 2021; Ba and Coeurjolly, 2023), and it allows assessing 
variable selection performance under realistic covariates without needing to model the covariates by Gaussian processes. We consider 
both Poisson (in the following indicated by P) and Thomas (in the following indicated by T) point processes, where elevation and 
elevation gradients are used as the two true covariates. The intercept 𝜔 of the log-linear model is chosen to achieve a desired 
number of points in the observation window 𝑊 . Specifically, we simulate E𝑁(𝑊 ) = 50, 100,… , 250 to investigate performance over 
varying sample sizes. In line with previous studies (Waagepetersen and Guan, 2009; Choiruddin et al., 2023), these sample sizes are 
deliberately chosen small, as variable selection is particularly challenging in the data-limited regime. For the Poisson process, we 
choose moderate effect sizes 𝛽1∶2 = (1, 0.5)⊤, as larger effect sizes generally improve estimator performance. For the Thomas process, 
we consider 𝜅 = 4 × 10−3 and scale parameter 𝜎 = 1.5, which results in a strong positive correlation between points and is adjusted 
for size (Choiruddin et al., 2021). The coefficients of the covariates are set to 𝛽1∶2 = (2, 0.75)⊤ following previous works (Choiruddin 
et al., 2018, 2021). Therefore, one covariate has a strong effect, the other a moderate effect. In all cases we use the 201 × 101 grid 
7 
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Fig. 1. Illustration of the simulation setup and the noise types considered here for a Poisson point process with E𝑁(𝑊 ) = 150 and parameters 
𝛽 = (1, 0.5)⊤. The top row shows samples with different levels (from left to right: 𝑐 = 0, 2, 4) of localization uncertainty (scenario P1). The bottom 
row shows the same with detection uncertainty (scenario P2). Green points indicate the true simulated point locations; orange crosses show the 
locations observed with noise. The blue shades visualize the intensity function of the underlying point process (color bar).

nodes as quadrature points and compute regularization paths 𝛬 = [10−4, 5 × 102] for the Poisson process and 𝛬 = [10−3, 103] for the 
Thomas process, each with 35 log-equidistant points to ensure sufficient coverage of the parameter space.

Since we are particularly interested in the robustness of the variable-selection schemes against noise in the data, we artificially 
corrupt the data with two different types of noise common in practical applications:

Localization Uncertainty (P1/T1): Given E𝑁(𝑊 ), the process (Poisson or Thomas) is simulated to obtain a sample 𝑋. Localization 
uncertainty is modeled by adding random displacements to the sampled points in 𝑋. We use Gaussian displacements to model 
measurement errors and change each point’s location 𝑢𝑖 to 𝑢̃𝑖 = 𝑢𝑖 + 𝜖, 𝜖 ∼ 𝐍𝐨𝐫𝐦𝐚𝐥(0, 𝛿2I𝑑 ). The standard deviation 𝛿 = 𝑐𝛥𝑥
depends on the grid spacing 𝛥𝑥 with 𝑐 = 0, 1,… , 4 setting the dimensionless noise magnitude.

Detection Uncertainty (P2/T2): Given E𝑁(𝑊 ), the process (Poisson or Thomas) is simulated to obtain a sample 𝑋. Detection 
uncertainty is modeled by missing events using distance-dependent thinning. For each point 𝑢𝑖 ∈ 𝑋 we draw a random cutoff 
distance 𝑟𝑖 ∼ |𝐍𝐨𝐫𝐦𝐚𝐥(0, 𝛿2I𝑑 )| with 𝛿 = 𝑐𝛥𝑥. The point 𝑢𝑖 is retained if and only if no previously retained point lies inside 
the ball 𝐵(𝑢𝑖, 𝑟𝑖). The noise magnitude is set by 𝑐 = 0, 1,… , 4.

Both types of noise can lead to biased estimates and affect the performance of variable-selection methods. This is particularly relevant 
in automated data acquisition, where location uncertainty can stem from inaccuracies in the detection process and points might be 
missed, e.g., due to occlusion in dense regions. Examples of noise realizations for 𝑐 = 0, 2, 4 are shown in Fig.  1 for a simulated 
Poisson process.

Fig.  2 shows the regularization paths when using adaptive 𝐿0 and 𝐿1 penalties for a Poisson process with localization uncertainty 
(scenario P1) and E𝑁(𝑊 ) = 200, 𝑐 = 4. Here, the adaptive 𝐿0 penalty achieves better separation between true covariates (solid 
colored lines with symbols) and noise covariates (dashed black lines) than the adaptive 𝐿1 penalty. Notably, as seen from the 
coefficient paths in the left panels, the 𝐿1 penalty assigns a nonzero coefficient to a noise covariate together with 𝛽2, whereas for 
the 𝐿0 penalty noise covariates only show up for low 𝜆. The right panels show the stability paths 𝛱𝜆

𝑗  for both penalties with the 
selection threshold 𝜋th = 0.9 indicated by a dotted line. The adaptive 𝐿0 penalty yields lower stability scores for noise covariates 
than the adaptive 𝐿1 penalty. As a result, noise variables are selected only at low 𝜆, leaving a wider range of 𝜆 in which the true 
covariates are correctly identified. This means that the 𝐿0-regularized estimator is more robust to noise in the data than the 𝐿1
estimator.

To systematically quantify the influence of different penalties and selection criteria on the variable-selection performance under 
noise, we repeat the experiment for different sample sizes E𝑁(𝑊 ) and noise levels 𝑐 with 100 independent repetitions each.2 We 
measure the performance of variable selection using the True Positive Rate (TPR), False Positive Rate (FPR), Positive Predictive Value 
(PPV), the 𝐹1 score, and the feature-selection stability 𝛷𝑆 (Nogueira et al., 2018). The TPR is the fraction of correctly selected 
covariates over all true covariates. The FPR is the fraction of selected noise covariates over all noise covariates. The PPV is the 
fraction of correctly selected covariates over all selected covariates. The 𝐹1 score is the harmonic mean of the TPR and PPV and is 
a standard metric in machine learning. The feature-selection stability 𝛷𝑆 was proposed by Nogueira et al. (2018) and quantifies the 

2 We also ran case T1 with 250 independent repetitions of each experiment, which consumed 400 CPU hours for the additional repetitions without changing 
any of the conclusions, thus confirming that 100 repetitions are sufficient. This is also in line with previous simulation studies on variable selection for point 
processes (Rajala et al., 2018) and has been shown sufficient for estimating selection stability (Nogueira et al., 2018).
8 
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Fig. 2. Regularization paths (𝜆 ∈ [10−4, 5 × 102]) for a Poisson process with parameters 𝛽 = (1, 0.5)⊤ observed with localization uncertainty 
(scenario P1, E𝑁(𝑊 ) = 200, 𝑐 = 4). The penalty (𝐿0, 𝐿1) is indicated by the row labels on the left. The left panels show the coefficient paths 𝛽𝜆𝑗
with the coefficients of the true covariates as symbol lines (ground truth values indicated by dotted lines) and noise covariates as dashed lines. 
The right panels show the corresponding stability paths 𝛱𝜆

𝑗  with the dotted horizontal line indicating the threshold 𝜋th = 0.9 corresponding to 
PFER ≤ 1.

variance of the selection indicator random variable, i.e., how reliably a feature is selected. It decreases with increasing indicator 
variance as: 

𝛷𝑆 = 1 −
1
𝑝
∑𝑝

𝑓=1 𝑠
2
𝑓

𝑘
𝑝

(

1 − 𝑘
𝑝

)
. (20)

Here, 𝑠2𝑓 = 𝑀
𝑀−1 𝑝̂𝑓 (1 − 𝑝̂𝑓 ) is the empirical sample variance for selecting the 𝑓 th feature with selection probability 𝑝̂𝑓  over 𝑀

repetitions (here 𝑀 = 100). The denominator is the expected sample variance under random selection, with 𝑘 the average number 
of selected features over all selections. Like all other performance metrics considered here, 𝛷𝑆 is between 0 and 1 (for large 𝑀), 
where 0 indicates no stability and 1 indicates perfect stability.

Fig.  3 shows the performance of the considered algorithms for scenario P1 (Poisson point process with localization uncertainty). 
It compares model selection based on the BIC (A), ERIC (B), and stability selection with PFER ≤ 1 (C) for the adaptive 𝐿0 (top 
row of each subfigure) and adaptive 𝐿1 (bottom row of each subfigure) penalties. Throughout all cases, performance decreases for 
lower sample sizes and higher noise magnitudes, as sampling bias increases or the true covariates are masked. The adaptive 𝐿0
penalty outperforms the adaptive 𝐿1 penalty in all metrics except in the TPR, where the adaptive 𝐿1 penalty achieves better results 
in particular for small sample sizes. This is because the adaptive 𝐿1 penalty selects more covariates than the adaptive 𝐿0 penalty. 
Choosing the penalty therefore allows tuning the tradeoff between TPR and FPR depending on the incurred costs of type I and type 
II errors, respectively. The 𝐹1 score and the stability 𝛷𝑆 , however, are always better when using the adaptive 𝐿0 penalty, despite 
its non-convex nature, as it reflects the true variable-selection objective.

Comparing selection strategies in Figs.  3A–C, we note that the BIC achieves the lowest performance in all metrics except the 
TPR, for the same reasons as discussed above. As already reported by Ba and Coeurjolly (2023), ERIC performs better than BIC, 
since it includes information about the regularization weight 𝜆. ERIC achieves particularly good performance in combination with 
the adaptive 𝐿0 penalty. For small sample sizes, however, this combination sometimes selects empty models (low TPR) because the 
likelihoods are attenuated by down-weighting the degrees of freedom for large 𝜆. Stability selection achieves the best 𝐹1 scores with 
𝐿0 performance comparable to the ERIC. This highlights that stronger penalization alone can already improve variable-selection 
performance. Also for stability selection, some empty models were selected for the smallest sample size and the highest noise level, 
where no covariate reached the threshold 𝜋th = 0.9. However, this behavior is correct in light of the imposed error bound.

Since stability selection only yields the support of the model, the final estimates of the coefficients are obtained by fitting the 
model with fixed support to the entire data using a Poisson likelihood. The RMSE of the final parameter estimates for the selected 
models are reported in Fig.  4. The RMSE is generally lower for the adaptive 𝐿0 penalty, which is partly explained by its better 
variable-selection performance, partly by the 𝐿0 penalty not shrinking the coefficient as the 𝐿1 penalty does.

The greatest difference between stability selection and ERIC is observed for the adaptive 𝐿1 penalty. There, stability selection 
reduces the FPR and increases the 𝐹1 score. This is because the PFER bound leads to fewer selected covariates. In Fig.  5 we show 
the empirically achieved PFER in all cases for both the adaptive 𝐿0 and 𝐿1 penalties. It is always well below the imposed bound of 
1, confirming that stability selection is able to bound the number of false positives.
9 
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Fig. 3. Variable-selection performance for a Poisson point process with localization uncertainty (scenario P1). We show the mean (over 100 
independent repetitions of each experiment) True Positive Rate (TPR), False Positive Rate (FPR), Positive Predictive Value (PPV), 𝐹1 score, and 
feature-selection stability 𝛷𝑆 for model selection using the BIC (A), ERIC (B), and stability selection with PFER ≤ 1 (C) with adaptive 𝐿0 (top 
row of each subfigure) and adaptive 𝐿1 (bottom row of each subfigure) penalties. Each panel shows a performance metric (top titles, color bars) 
for different noise magnitudes 𝑐 (𝑥-axis) and sample sizes E𝑁(𝑊 ) (𝑦-axis). The average metrics over all 25 experiments are given in the panel 
titles with arrows (↑ ∕ ↓) indicating the direction of improvement.

In order to derive scientific conclusions from the selected models, it is key that variable selection be stable under noise, i.e., that 
the same covariates are reproducibly selected for different realizations of the process. We quantify this by the feature-selection 
stability 𝛷𝑆 as defined in Eq. (20). The results are shown in the last column of Fig.  3. The adaptive 𝐿0 penalty achieves better 
stability than the adaptive 𝐿1 penalty. This is expected, as 𝐿0 selects fewer covariates and thus has a lower variance in the selection 
indicator. Using stability selection instead of information criteria generally improves the stability for both penalties, especially at 
low sample sizes and high noise levels. For high sample sizes ERIC with 𝐿  penalization performs best, indicating that in this case 
0

10 



D. Sturm and I.F. Sbalzarini Spatial Statistics 74 (2026) 101005 
Fig. 4. Parameter estimation performance quantified by the RMSE of the selected models in scenario P1 (Fig.  3) when using BIC, ERIC, and 
stability selection with either the 𝐿1 or 𝐿0 penalty. The averages over all 25 experiments are given in the panel titles.

Fig. 5. Empirical confirmation that stability selection achieves the desired error bound PFER ≤ 1 for all experiments in scenario P1.

strong penalization helps to stabilize the selection. The bootstrap procedure of stability selection implicitly improves the stability 
of the selected variables as previously reported (Nogueira et al., 2018). This improved variable-selection stability is particularly 
important in the presence of noise.

We next consider scenario P2, a Poisson point process with detection uncertainty. The variable-selection performance is reported 
in Fig.  6 and the RMSE in Fig.  7 in the same format as before. They are qualitatively similar to those for scenario P1 (Fig.  3) but with 
better average performance. Again, the adaptive 𝐿0 penalty outperforms the adaptive 𝐿1 penalty in all metrics except the TPR, as it 
favors higher sparsity. Also for this noise type, stability selection improves the performance for both penalties, but particularly for 
the adaptive 𝐿1 penalty. The PFER bound is met in all cases also here (not shown), and stability selection again has better 𝛷𝑆 than 
the information criteria, in particular for high noise magnitudes. We therefore conclude that the adaptive 𝐿0 penalty in combination 
with stability selection achieves the best variable-selection performance for uncorrelated Poisson point processes under noise, for 
both noise types.

In scenario P1, performance monotonically decreases with increasing noise magnitude. Curiously, in scenario P2, we sometimes 
observe better performance for higher noise magnitudes. While this seems counter-intuitive at first, it can be explained by thinning 
noise removing points from the process according to their local hardcore neighborhoods. This introduces an apparent repulsive 
interaction between points, significantly influencing the second-order properties of the process (Kuronen et al., 2021). This is specific 
to the chosen noise model, and missing points by independent thinning would not have this effect (Møller and Waagepetersen, 2003). 
The resulting regular process has fewer effective degrees of freedom (see Eq. (15) for 𝑔(𝑟) ≤ 1), allowing more stable estimation of 
the parameters. This is also reflected in the stability scores being higher for thinning noise (scenario P2, Fig.  6) than for displacement 
noise (scenario P1, Fig.  3). We expect that similar observations might hold also for other repulsive processes. This exemplifies that 
noise can influence variable selection in non-trivial ways that can be qualitatively different for different noise processes.

After having established the baseline for uncorrelated Poisson processes, we consider a Thomas point process with spatial 
attraction leading to clustering of points. We use this as a representative example of a clustering point process, which also 
include shot-noise Cox processes and log-Gaussian Cox processes. We again consider both localization uncertainty (scenario T1) 
and detection uncertainty (scenario T2).

The results are shown in Fig.  8 for scenario T1. The performance is generally lower than for a Poisson process, which is expected 
for the more complex Thomas process. Again, the adaptive 𝐿  penalty achieves a better performance than the adaptive 𝐿  penalty 
0 1
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Fig. 6. Variable-selection performance for a Poisson point process with detection uncertainty (scenario P2). We show the mean (over 100 
independent repetitions of each experiment) True Positive Rate (TPR), False Positive Rate (FPR), Positive Predictive Value (PPV), 𝐹1 score, and 
feature-selection stability 𝛷𝑆 for model selection using the BIC (A), ERIC (B), and stability selection with PFER ≤ 1 (C) with adaptive 𝐿0 (top 
row of each subfigure) and adaptive 𝐿1 (bottom row of each subfigure) penalties. Each panel shows a performance metric (top titles, color bars) 
for different noise magnitudes 𝑐 (𝑥-axis) and sample sizes E𝑁(𝑊 ) (𝑦-axis). The average metrics over all 25 experiments are given in the panel 
titles with arrows (↑ ∕ ↓) indicating the direction of improvement.

in all metrics except the TPR. Also as in the Poisson scenarios, the BIC achieves the overall lowest performance, followed by ERIC, 
which again works particularly well in conjunction with the adaptive 𝐿0 penalty (37% improvement in the average 𝐹1 score over all 
experiments). Both BIC and ERIC achieve high TPR but low PPV, suggesting under-penalization of the clustering Thomas process. 
Stability selection achieves the best 𝐹1 scores and feature-selection stability 𝛷𝑆 for both 𝐿0 and 𝐿1 penalties. The PFER is again 
below the threshold in all cases (not shown), albeit much closer to 1 in the case of the 𝐿1 penalty and even reaching the bound for 
E𝑁(𝑊 ) = 250 and 𝑐 = 1. This becomes apparent in the reduced FPR compared to BIC/ERIC, especially for the adaptive 𝐿  penalty. 
1
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Fig. 7. Parameter estimation performance quantified by the RMSE of the selected models in scenario P2 (Fig.  6) when using BIC, ERIC, and 
stability selection with either the 𝐿1 or 𝐿0 penalty. The averages over all 25 experiments are given in the panel titles.

The adaptive 𝐿0 penalty further improves the FPR over the adaptive Lasso. For both penalties, the FPR achieved by stability selection 
for the Thomas process is comparable to scenarios P1 and P2. We also report results using 𝑝 = 28 covariates in the Appendix, where 
we observe similar trends. This suggests that the adaptive 𝐿0 penalty in combination with stability selection is able to achieve high 
variable-selection performance without requiring knowledge about the second-order structure of the point process.

The performance of all methods tends to improve for smaller sample sizes or higher noise magnitudes, except for the TPR. This 
counter-intuitive behavior is because the clustering in the Thomas process decreases with increasing noise, or it is not observed at low 
sample sizes. At high noise or for small samples, the Thomas process therefore appears more Poisson-like. The effect is particularly 
strong for the information criteria, which become increasingly appropriate the more Poisson-like the process appears. This provides 
another example where the effect of noise (this time simple displacement noise) on variable selection is not straightforward. Stability 
selection is the least sensitive to this effect, showing a more uniform distribution of performance metrics versus noise and sample 
size (Fig.  8C). This is because stability selection does not model the noise process but generally reduces its influence.

The RMSE of the parameter estimates for the selected models are shown in Fig.  9. The RMSE is generally lower for the adaptive 𝐿0
penalty and when using stability selection, consistent with the improved variable-selection performance. Also here, we observe the 
counter-intuitive result that the RMSE decreases with increasing noise when using information criteria. This can again be attributed 
to the process becoming more Poisson-like under noise, leading to improved estimation performance. For stability selection, however, 
the RMSE improves with larger sample sizes and lower noise levels, as expected. This is because model parameters are estimated 
using a Poisson likelihood only after variable selection, which — even for a correctly specified model — is expected to deteriorate 
with increasing noise and decreasing sample size.

Since the Thomas process introduces correlations between events, estimating its intensity using the Poisson likelihood constitutes 
a composite likelihood estimate (see Section 2.3). We therefore also compare stability selection with the cBIC and cERIC, 
which have been shown to outperform the standard BIC and ERIC for clustering point processes (Choiruddin et al., 2021). We 
compute the effective degrees of freedom using Eq. (14) in two different ways: (1) Using the true pair-correlation function of 
the Thomas process with known parameters. While this is unrealistic in practical applications, it constitutes the best case for 
composite information criteria. This is because the pair-correlation estimates generally contain errors, which are amplified by model 
misspecification, small sample size, and noise. This case hence provides a best-case baseline. (2) By estimating the parameters of 
the 𝐾-function, the structure of which is analytically known, using minimum-contrast estimation. For this estimation, we use a 
two-step procedure (Waagepetersen and Guan, 2009) with 𝑟min = 0, 𝑟max = 25, and 𝑏 = 0.25 to reduce the variance for clustering 
point processes as recommended by Diggle (2013). We use 𝐾-function estimation because it is less sensitive to noise than directly 
estimating the pair-correlation function. The latter would additionally require choosing a bandwidth parameter and would exhibit 
high variance. Moreover, we find that likelihood-based approaches, such as those proposed by Waagepetersen (2007), can become 
unstable in the presence of noise or for small sample sizes when clustering is weak. The minimum-contrast estimate is computed using 
the L-BFGS-B optimizer as implemented in the scipy Python package (Virtanen et al., 2020). The resulting parameter estimates are 
then used to compute the pair-correlation function required by composite information criteria with the variance–covariance matrix 
computed on a two-fold coarsened grid.

Fig.  10 shows the results for cBIC and cERIC when using minimum-contrast estimation. Both composite information criteria 
perform better than their uncorrected versions in all cases (Fig.  8). Adaptive 𝐿0 penalization achieves better performance and 
stability than the Lasso. However, neither cBIC nor cERIC achieve the performance of stability selection (Fig.  8C), except for cERIC 
at low noise and large sample sizes. In these cases the estimation of the 𝐾-function is expected to work best and the stronger 
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Fig. 8. Variable-selection performance for a Thomas point process with localization uncertainty (scenario T1). We show the mean (over 100 
independent repetitions of each experiment) True Positive Rate (TPR), False Positive Rate (FPR), Positive Predictive Value (PPV), 𝐹1 score, and 
feature-selection stability 𝛷𝑆 for model selection using the BIC (A), ERIC (B), and stability selection with PFER ≤ 1 (C) with adaptive 𝐿0 (top 
row of each subfigure) and adaptive 𝐿1 (bottom row of each subfigure) penalties. Each panel shows a performance metric (top titles, color bars) 
for different noise magnitudes 𝑐 (𝑥-axis) and sample sizes E𝑁(𝑊 ) (𝑦-axis). The average metrics over all 25 experiments are given in the panel 
titles with arrows (↑ ∕ ↓) indicating the direction of improvement.

penalization leads to improved performance. Overall, the average 𝐹1 score across all experiments is 6% higher for stability selection 
than for cERIC when using the 𝐿0 penalty and 26% higher for the 𝐿1 penalty. For cBIC, the differences are even larger. The 
same trends are observed for the RMSE of the parameter estimates (Fig.  12). We also observe that when using minimum-contrast 
estimation, composite information criteria increasingly select empty models for small sample sizes when using the 𝐿0 penalty. We 
believe this is because the 𝐾-function overestimates the clustering due to the higher variance in the data and the renormalization 
by the estimated intensity function. In combination with the stronger 𝐿  penalty, this can lead to an over-penalization, favoring the 
0
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Fig. 9. Parameter estimation performance quantified by the RMSE of the selected models in scenario T1 (Fig.  8) when using BIC, ERIC, and 
stability selection with either the 𝐿1 or 𝐿0 penalty. The averages over all 25 experiments are given in the panel titles.

Fig. 10. Variable-selection performance for a Thomas point process with localization uncertainty (scenario T1) using composite information 
criteria with parameter estimation. We show the mean (over 100 independent repetitions of each experiment) True Positive Rate (TPR), False 
Positive Rate (FPR), Positive Predictive Value (PPV), 𝐹1 score, and feature-selection stability 𝛷𝑆 for model selection using the cBIC (A) and cERIC
(B) with adaptive 𝐿0 (top row of each subfigure) and adaptive 𝐿1 (bottom row of each subfigure) penalties. The parameters of the pair-correlation 
function are estimated using minimum-contrast estimation of the 𝐾-function. Each panel shows a performance metric (top titles, color bars) for 
different noise magnitudes 𝑐 (𝑥-axis) and sample sizes E𝑁(𝑊 ) (𝑦-axis). The average metrics over all 25 experiments are given in the panel titles 
with arrows (↑ ∕ ↓) indicating the direction of improvement.
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Fig. 11. Variable-selection performance for a Thomas point process with localization uncertainty (scenario T1) using composite information 
criteria with exact knowledge. We show the mean (over 100 independent repetitions of each experiment) True Positive Rate (TPR), False Positive 
Rate (FPR), Positive Predictive Value (PPV), 𝐹1 score, and feature-selection stability 𝛷𝑆 for model selection using the cBIC (A) and cERIC (B)
with adaptive 𝐿0 (top row of each subfigure) and adaptive 𝐿1 (bottom row of each subfigure) penalties. The parameters of the pair-correlation 
function are assumed to be known exactly. Each panel shows a performance metric (top titles, color bars) for different noise magnitudes 𝑐 (𝑥-axis) 
and sample sizes E𝑁(𝑊 ) (𝑦-axis). The average metrics over all 25 experiments are given in the panel titles with arrows (↑ ∕ ↓) indicating the 
direction of improvement.

Fig. 12. Parameter estimation performance quantified by the RMSE of the selected models in scenario T1 (Fig.  8) when using composite 
information criteria as shown in Figs.  10 (Est.) and 11 (GT). The averages over all 25 experiments are given in the panel titles.
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Fig. 13. Variable-selection performance for a Thomas point process with detection uncertainty (scenario T2). We show the mean (over 100 
independent repetitions of each experiment) True Positive Rate (TPR), False Positive Rate (FPR), Positive Predictive Value (PPV), 𝐹1 score, and 
feature-selection stability 𝛷𝑆 for model selection using BIC (A), ERIC (B), and stability selection with PFER ≤ 1 (C) with adaptive 𝐿0 (top row 
of each subfigure) and adaptive 𝐿1 (bottom row of each subfigure) penalties. Each panel shows a performance metric (top titles, color bars) for 
different noise magnitudes 𝑐 (𝑥-axis) and sample sizes E𝑁(𝑊 ) (𝑦-axis). The average metrics over all 25 experiments are given in the panel titles 
with arrows (↑ ∕ ↓) indicating the direction of improvement.

homogeneous model where clustering is explained by the estimated 𝐾-function. This illustrates the potentially detrimental effect of 
feedback between the first- and second-order models in the estimation procedure, which can lead to suboptimal variable selection 
in the presence of noise. Such feedback is not present in stability selection, as it directly estimates the parameters of the intensity 
function directly from the data without requiring a second-order model.

Fig.  11 shows the performance of cBIC and cERIC when the pair-correlation function is assumed to be known exactly. The 
performance is always better than when estimating the second-order parameters from data. This is expected, as the estimation 
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Fig. 14. Parameter estimation performance quantified by the RMSE of the selected models in scenario T2 (Fig.  13) when using BIC, ERIC, and 
stability selection with either the 𝐿1 or 𝐿0 penalty. The averages over all 25 experiments are given in the panel titles.

procedure introduces additional errors, especially for small samples or high noise where the clustering is less apparent in the data. 
We also observe that with perfect knowledge, cBIC performs better than cERIC in the average 𝐹1 score but achieves lower selection 
stability 𝛷𝑆 , indicating higher variance in the selected models. This is a consequence of the additional regularization in cERIC, 
through the penalization weight 𝜆, leading to more conservative selection. Indeed, the higher PPV of cERIC indicates that it selects 
only the most relevant covariates, ignoring smaller effects. This could also explain the higher feature-selection stability. Overall, 
cBIC achieves a better trade-off in this setting, which explains its higher average 𝐹1 score. When using the Lasso, PPV drops for 
cERIC. In this case, cERIC selects lower 𝜆 values than cBIC, which leads to more complex models due to the soft thresholding of the 
Lasso. Similar observations have been made when using the adaptive Lasso and cERIC for Gibbs point processes (Ba and Coeurjolly, 
2023). However, this effect seems to be mitigated by the 𝐿0 penalty, which leads to less smooth coefficient paths than the Lasso 
(see Fig.  2). In the 𝜆-ranges over which the estimated model does not change due to the hard thresholding of the 𝐿0 penalty, cERIC 
can better prioritize models with higher penalization due to the 𝜆-weighting.

Even in this best-case scenario, stability selection performs comparably with cBIC and cERIC. The average 𝐹1 score of stability 
selection is 3% lower than for cBIC when using the 𝐿0 penalty and around 4% lower with the 𝐿1 penalty. Feature-selection stability 
is between 8% and 12% lower than for cBIC and cERIC. For the 𝐿1 penalty, stability selection performs better than cERIC (by 1%) 
but worse than cBIC (by 4%). However, we observe that the RMSE slightly improves when using stability selection compared to 
cBIC and cERIC (Fig.  12). This, in combination with the higher TPR and smaller PPV of stability selection, suggests that stability 
selection produces more false positives than composite information criteria with perfect knowledge of the second-order structure 
of the process. In practical applications, where perfect second-order knowledge is not available, the performance of composite 
information criteria rapidly deteriorates. Even for high-quality estimates from data (Fig.  10, parameter estimate for ground-truth 
analytical form), cBIC and cERIC fall behind. Stability selection therefore presents a good choice in practice. It remains robust to 
noise without requiring additional knowledge of the true process.

We repeat the same experiments for a Thomas point process with detection uncertainty (scenario T2). The results are shown in 
Fig.  13. Like for scenario T1, the overall performance is again lower than in the Poisson case. In contrast to T1, but similar to P2, 
variable-selection performance is better than for localization uncertainty, and it generally improves with increasing detection noise 
magnitude. We hypothesize that this is again because thinning creates a more regular process. This again particularly impacts BIC 
and ERIC, with ERIC achieving better performance than BIC. The best performance overall is achieved by stability selection with 
𝐿0 penalty. Stability selection is also the least sensitive to noise and sample size. Across methods, the adaptive 𝐿0 penalty performs 
better in all metrics than the adaptive 𝐿1 penalty, except for the TPR. This is because the adaptive Lasso includes more covariates 
overall, also leading to higher FPRs. Using stability selection instead of information criteria, however, reduces the FPR of the Lasso 
by an order of magnitude while also reducing the variance in the estimated models.

For the RMSE of the parameter estimates (Fig.  14), we again observe similar trends as for the variable-selection performance. The 
RMSE is generally lower for the adaptive 𝐿0 penalty and when using stability selection. Interestingly, when using stability selection, 
the RMSE for scenario T2 is higher than for T1, unlike the variable-selection performance. This suggests that, while thinning noise 
can lead to more accurate support recovery, the resulting Poisson likelihood estimates still have higher errors.

Fig.  15 shows the variable-selection performance and Fig.  17 the RMSE of cBIC and cERIC in scenario T2 when the second-order 
parameters are estimated using minimum-contrast estimation. While thinning noise increases the local regularity of the point pattern, 
which tends to underestimate pair correlations, we still observe an improvement in performance when using composite information 
criteria over standard information criteria. This is especially visible for the cBIC, where the average 𝐹  score is around 12% or 
1
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Fig. 15. Variable-selection performance for a Thomas point process with detection uncertainty (scenario T2) using composite information criteria 
with parameter estimation. We show the mean (over 100 independent repetitions of each experiment) True Positive Rate (TPR), False Positive 
Rate (FPR), Positive Predictive Value (PPV), 𝐹1 score, and feature-selection stability 𝛷𝑆 for model selection using the cBIC (A) and cERIC (B)
with adaptive 𝐿0 (top row of each subfigure) and adaptive 𝐿1 (bottom row of each subfigure) penalties. The parameters of the pair-correlation 
function are estimated using minimum-contrast estimation of the 𝐾-function. Each panel shows a performance metric (top titles, color bars) for 
different noise magnitudes 𝑐 (𝑥-axis) and sample sizes E𝑁(𝑊 ) (𝑦-axis). The average metrics over all 25 experiments are given in the panel titles 
with arrows (↑ ∕ ↓) indicating the direction of improvement.

17% higher than for BIC with 𝐿0 or 𝐿1 penalties, respectively. The cERIC achieves an improvement over the ERIC of 4% and 11%, 
respectively, for the 𝐿0 and 𝐿1 penalties. However, no composite information criterion achieves the performance or robustness of 
stability selection. While the 𝐹1 score of cERIC with 𝐿0 penalty is comparable to that of stability selection, stability selection achieves 
higher feature-selection stability 𝛷𝑆 .

Like for the previous scenario T1, we repeat the analysis with perfect knowledge of the pair-correlation function of the Thomas 
process under detection uncertainty. This constitutes the best case for cBIC and cERIC. The results are shown in Fig.  16. Again, like in 
scenario T1, performance is better than when using a data-estimated pair-correlation function. The cBIC again outperforms cERIC 
in terms of the average 𝐹1 score for both penalties. Like for localization uncertainty, the 𝜆-weighting in cERIC leads to a more 
conservative selection of covariates under the 𝐿0 penalty and less penalization under the 𝐿1 penalty. Also in this case, stability 
selection achieves near-best performance without requiring knowledge of the pair correlation function.

3.2. Application to a forestry data set

To illustrate the practical applicability of the proposed method, we consider the well-known data from the Barro Colorado Island 
(BCI) research plot in Panama. Over a 50ha site (1000m × 500m), the locations of tree stems with at least 1 cm diameter at breast 
height have been recorded. This results in a data set of over 350,000 trees from 300 species (Condit, 1998; Hubbell et al., 1999). 
A central question is how so many species are able to coexist, and how they carve environmental niches. Therefore, one aims to 
identify environmental covariates — such as elevation or soil nutrients — that explain the distribution of tree species. This data set 
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Fig. 16. Variable-selection performance for a Thomas point process with detection uncertainty (scenario T2) using composite information criteria 
with exact knowledge. We show the mean (over 100 independent repetitions of each experiment) True Positive Rate (TPR), False Positive Rate 
(FPR), Positive Predictive Value (PPV), 𝐹1 score, and feature-selection stability 𝛷𝑆 for model selection using the cBIC (A) and cERIC (B) with 
adaptive 𝐿0 (top row of each subfigure) and adaptive 𝐿1 (bottom row of each subfigure) penalties. The parameters of the pair-correlation function 
are assumed to be known exactly. Each panel shows a performance metric (top titles, color bars) for different noise magnitudes 𝑐 (𝑥-axis) and 
sample sizes E𝑁(𝑊 ) (𝑦-axis). The average metrics over all 25 experiments are given in the panel titles with arrows (↑ ∕ ↓) indicating the direction 
of improvement.

Fig. 17. Parameter estimation performance quantified by the RMSE of the selected models in scenario T2 (Fig.  8) when using composite 
information criteria as shown in Figs.  15 (Est.) and 16 (GT). The averages over all 25 experiments are given in the panel titles.
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Table 2
Stability-selection results for the BCI data set using adaptive Lasso (𝐿1) and adaptive Best-Subset (𝐿0) penalties. The table shows the estimated 
effect sizes (standardized data) for PFER ≤ 1, 2, 3. The effect sizes are estimated over the support identified by stability selection by solving 
the unpenalized composite likelihood problem on the whole data set. The considered covariates are: elevation (Elev.), slope (Slope), aluminum 
(Al), boron (B), calcium (Ca), copper (Cu), iron (Fe), potassium (K), magnesium (Mg), manganese (Mn), phosphorus (P), zinc (Zn), nitrogen (N), 
mineralized nitrogen (N(min)), and soil pH (pH). The last row shows the number of selected covariates ‖‖

‖

𝛽‖‖
‖0

=
∑𝑝

𝑗=1 𝟏(𝛽𝑗 ≠ 0) for the respective 
penalty and error bound. For each PFER, the first sub-column uses the full data set, while the second sub-column uses a thinned point pattern 
with 𝑝thin = 0.1.
 Adaptive Lasso (𝐿1) Adaptive Best Subset (𝐿0)

 PFER ≤ 1 PFER ≤ 2 PFER ≤ 3 PFER ≤ 1 PFER ≤ 2 PFER ≤ 3

 Full Thin Full Thin Full Thin Full Thin Full Thin Full Thin  
 Elev. 0.35 0.37 0.39 0.37 0.38 0.36 0.35 0 0.35 0.37 0.36 0.37  
 Slope 0.33 0.25 0.27 0.25 0.30 0.27 0.33 0 0.33 0.25 0.33 0.25  
 Al 0 0 0 0 0 0 0 0 0 0 0 0  
 B 0 0 0.40 0 0.22 0.21 0 0 0 0 0 0  
 Ca 0 0 0 0 0 0 0 0 0 0 0 0  
 Cu 0 0 0 0 0 0 0 0 0 0 0 0  
 Fe 0 0 0 0 0 0 0 0 0 0 0 0  
 K 0 0 0 0 0 0 0 0 0 0 0 0  
 Mg 0 0 0 0 0 0 0 0 0 0 0 0  
 Mn 0 0 0 0 0.26 0 0 0 0 0 0.33 0  
 P −0.59 −0.58 −0.68 −0.58 −0.61 −0.65 −0.59 −0.59 −0.59 −0.58 −0.54 −0.58 
 Zn −0.28 0 −0.58 0 −0.57 0 −0.28 0 −0.28 0 −0.45 0  
 N 0 0 0 0 0 0 0 0 0 0 0 0  
 N(min) 0 0 0 0 0 −0.36 0 0 0 0 0 0  
 pH 0 0 0 0 0 0 0 0 0 0 0 0  
 ‖‖
‖

𝛽‖‖
‖0

4 3 5 3 6 5 4 1 4 3 5 3  

has already been used in previous studies to identify sparse sets of predictors (Choiruddin et al., 2018; Ba and Coeurjolly, 2023), 
which allows direct comparison of results.

We focus on the locations of the 3604 Beilschmiedia pendula (BPL) trees from the Lauraceae family, which we interpret as a 
realization of a spatial point process (see Fig.  18, top-left). We aim to model the intensity function of the point process using the 15 
covariates listed in Table  2. As in Section 3.1, we interpolate all covariates onto a common grid of size 201 × 101, which we also 
use a quadrature points. The observation window corresponds to the entire 50ha region, 𝑊 = [0, 1000] × [0, 500]. All covariates are 
standardized as in previous analyses (Choiruddin et al., 2018; Ba and Coeurjolly, 2023).

We compare the models identified by stability selection with adaptive 𝐿1 and adaptive 𝐿0 penalties. The PGD step size is 𝛾 = 10−4

in both cases, which ensures numerical stability. For stability selection, we obtain 50 bootstrap samples by 𝑝-thinning with 𝑝thin = 0.5. 
The 𝜆-path is chosen so as to achieve a desired PFER bound according to Eq. (18) with 𝜋th = 0.9. The resulting candidate interval 
for 𝜆 spans six orders of magnitude and is discretized with 40 log-equidistant points. The 𝜆max is set to obtain an empty model under 
the respective penalty. Using these settings, the stability path for the 𝐿1 penalty is computed in 20s and for the 𝐿0 penalty in 38s 
on a personal laptop (Apple MacBook Pro 2023, Apple M3 Pro CPU, 36GB LPDDR5 RAM). The higher computational cost of the 
𝐿0 penalty is due to the fixed step sizes in contrast to the BB-PGD used for the 𝐿1 penalty. Table  2 reports the resulting models for 
PFER ≤ 1, 2, 3 and compares the two penalization methods. The final parameter estimates are obtained by solving the unpenalized 
composite likelihood problem for the identified set of stable predictors using all observations.

With either penalty, stability selection yields similar models. As expected, the adaptive Lasso (𝐿1) selects slightly more covariates 
than adaptive Best-Subset selection (𝐿0). For PFER ≤ 1, both penalties find the same covariates elevation (Elev.), slope (Slope), 
phosphorus (P), and zinc (Zn). This agrees with previous results on this data set (Choiruddin et al., 2018). These covariates are 
visualized in Fig.  18 together with the tree location pattern, visually supporting the conclusion that BPL trees prefer higher elevation 
and slopes with low concentration of phosphorus and zinc.

The influence of error control can nicely be seen in the number of selected covariates monotonically increasing for looser bounds 
and does not require recomputing the path. At higher PFER, the 𝐿0 models only slowly include additional terms, with the first 
one being manganese (Mn) at PFER ≤ 3. The 𝐿1 models first and additionally include boron (B). In this case, the effect sizes 
are similar as previously reported using weighted composite likelihood estimates, which rely on estimating the pair-correlation 
function (Choiruddin et al., 2018). Stability selection achieves the same level of sparsity without modeling assumptions about the 
underlying process, and without the need for estimating the pair-correlation function. The similarity of the obtained models hints 
at the practical utility of stability selection for variable selection in spatial point processes.

To better mimic the data-limited scenario that motivates our work, we thin the original point pattern with 𝑝thin = 0.1 to simulate 
studying a rare species. The resulting pattern of 345 points is shown in Fig.  18 (bottom-left). Following the same procedure as for the 
full data set, we obtain the models shown in the second sub-column of each PFER bound in Table  2. Stability selection consistently 
selects fewer terms for the thinned data. This is due to higher uncertainty in the candidate models and error control thus enforcing 
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Fig. 18. Point pattern of B. pendula tree stem locations in the BCI research plot (black dots, top-left) and a thinned version with 𝑝thin = 0.1 (black 
dots, bottom-left) with visualizations of the selected covariates from Table  2 for PFER ≤ 1. The covariates are: elevation (Elev.), slope (Slope), 
phosphorus (P), and zinc (Zn).

more regularization. For the 𝐿0 penalty, stability selection always identifies a subset of the covariates identified for the full data set. 
The 𝐿1 penalty chooses a not previously selected term (N(min)) for high PFER. For the 𝐿0 penalty, we find only phosphorus (P) for 
PFER ≤ 1. For PFER ≤ 2 and PFER ≤ 3, elevation (Elev.) and slope (Slope) are additionally selected. This can be attributed to the 
stronger penalization leading to lower selection frequencies for smaller effects. The results confirm that stability selection remains 
useful in the data-limited regime, which is often the case when studying rare species.

4. Discussion and outlook

We presented a method for sparse intensity estimation of spatial point processes under noise. We showed that noise, in the 
form of localization or detection uncertainty, significantly influences variable-selection performance. We proposed stability selection 
as a noise-robust variable-selection method for spatial point processes, providing a flexible method that can be combined with 
different sparsity-inducing penalties without requiring additional knowledge about the true process or its correlation structure. 
We benchmarked stability selection with both the familiar adaptive Lasso (𝐿1 penalty) and the more difficult-to-solve adaptive 
best-subset selection (𝐿0 penalty) to illustrate the flexibility of the approach. Despite the non-convex and combinatorial nature of 
the 𝐿0 penalty, we observed that the 𝐿0 penalty generally achieves better variable-selection performance than the 𝐿1 penalty and 
avoids shrinkage bias. Simulation studies showed that the proposed method provides stable estimates and allows for error control 
in the variable-selection procedure. This improves variable-selection performance under noise, for small samples, and under model 
misspecification.

The presented method uses 𝑝-thinning for generating the bootstrap subsamples required for stability selection. The estimating 
equation in Eq. (19) allows for straightforward integration of the presented method into existing frameworks for spatial point 
processes that use generalized linear model software (Baddeley et al., 2016). The computational overhead incurred by our method 
scales linearly with the number of bootstrap samples 𝐾, where 𝐾 = 50 was sufficient in our benchmarks. While the compute time 
depends on many factors, including the number of covariates, the discretization grid size, the step size, the convergence criteria, 
and the quality of the warm starts when computing the 𝜆-path, the times for the forestry dataset were below one minute per case.

We compared the proposed method to existing model-selection procedures based on (composite) information criteria. The present 
method consistently outperformed information criteria both in terms of stability and accuracy. Typically, model selection based on 
information criteria produced more false positives. For the correlated Thomas point process, stability selection performed almost 
as well as composite information criteria with perfect knowledge of the pair-correlation function of the process, albeit without 
requiring such knowledge. This suggests that stability selection is able to cope with simultaneous clustering and noise in the data 
without having to explicitly model pair correlations or noise statistics. This is of practical importance, since such knowledge is not 
usually available in applications, and it is difficult to estimate for small samples. But even when second-order information could 
be estimated from the data, the performance of composite information criteria markedly dropped. However, it was still better than 
using the standard BIC or ERIC, which we deem not advisable for correlated processes or noisy observations.

Our results also suggested that the adaptive 𝐿0 penalty, despite its non-convexity, generally achieves better performance than 
the adaptive 𝐿1 penalty at comparable computational cost, especially in terms of the false-positive rate and 𝐹1 score. This indicates 
that proximal gradient descent is able to effectively find sparse local minima that represent good-enough estimates of the true 
process. Choosing between 𝐿0 and 𝐿1 penalties allows trading off between type I and type II errors, since 𝐿0 generally selects fewer 
variables. Stability selection provides control over the PFER for either penalization. The empirical PFER was either below or close 
to the imposed threshold in all presented simulations. This error control filters out bad local minima, leading to greatly reduced 
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false-positive rates, particularly when using the adaptive Lasso. Existing estimators based on the Lasso can therefore directly benefit 
from stability selection.

Finally, we illustrated the applicability of the proposed method on a real-world forestry data set, identifying the relevant 
covariates for the spatial distribution of Beilschmiedia pendula trees in a tropical rain forest area of 50ha. The identified models were 
in line with previous results, validating the method. Comparing different error bounds and penalties also confirmed the statistical 
consistency of the proposed method, with looser error bounds leading to monotonically larger models. This indicates that stability 
selection can be used to identify a sparse set of relevant covariates in spatial point processes without any assumptions on the 
underlying model.

While these results are encouraging, they also highlight the need for future work. An obvious limitation of our work is that 
we only considered uncorrelated noise. Real-world data, however, often contains structured noise. Examples include presence-only 
analysis of plants and animals in ecological studies, where they are more likely to be spotted near roads, or digital imagery recorded 
with CMOS or CCD sensors, which generate correlated readout noise. The effect of structured noise on stability selection remains 
to be studied.

In order to establish a baseline, we here only considered the classic formulation of stability selection. It would be interesting 
in the future to extend the presented approach to more recent stability-selection variants, such as complimentary-pairs stability 
selections (Shah and Samworth, 2013). While we have empirically shown the effectiveness of 𝐿0 penalization for variable selection 
in spatial point processes, further study of its theoretical properties would be interesting. It would also be worthwhile to explore the 
use of stability selection for estimating interactions across multiple spatial scales in multivariate point process models, particularly 
when combined with group sparsity as suggested by Rajala et al. (2018). Group-sparse multivariate models are relevant in biology 
and ecology, where many (molecular) species interact with each other and with their environment across scales. Stability selection 
may offer a systematic approach to identifying interaction structures in such settings, while being robust to noise in the data.

Finally, future work could extend the methodology proposed here to other types of point processes. Since similar discretizations 
of composite likelihoods are, for example, also used for Gibbs point processes (Baddeley and Turner, 2000; Ba and Coeurjolly, 2023). 
We therefore think that the presented method could be adapted to estimating the Papangelou conditional intensity in those models 
as well.

Despite these open questions, we believe that the idea of applying stability selection to spatial point-process modeling opens 
several doors. We hope that the present work laid the foundations by systematically benchmarking the method, deriving the 
estimating equations, and establishing the effectiveness of proximal gradient descent for non-convex 𝐿0 penalties.
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Appendix. Extended simulation study results (𝒑 = 𝟐𝟖)

We extend the simulation study of the Thomas point process with location uncertainty (scenario T1) by considering a larger set 
of covariates. We follow the same simulation setup as described in Section 3.1 but consider additional interactions between the 13 
soil nutrients, resulting in a total of 28 covariates. The additional interactions are constructed as described by Ba and Coeurjolly 
(2023). 

The results are shown in Fig.  A.19. The overall trends are similar to the case with 𝑝 = 15 covariates, with stability selection 
outperforming information criteria in all metrics except the TPR. However, the performance of all methods is generally lower than 
for 𝑝 = 15, which is expected due to the higher problem dimensionality. Nevertheless, we find that also in this case the error 
control of stability selection limits the FPR, leading to better overall performance. The adaptive 𝐿0 penalty again achieves better 
performance than the adaptive 𝐿1 penalty. The reduced selection stability 𝛷𝑆 for 𝑝 = 28 compared to 𝑝 = 15 indicates that the 
higher dimensionality leads to more variability in the selected models across repetitions. Still, stability selection achieves higher 
stability than information criteria in all cases. 

However, while the error control of stability selection effectively limits the FPR, it does not achieve the imposed bound of 
PFER ≤ 1 in this case. This is best seen in Fig.  A.20, comparing the empirical PFER for all experiments. For the 𝐿1 penalty, the 
empirical PFER is mostly larger than the bound (indicated by red crosses in the figure) and reaches around 1.7 in the worst case, 
which is, however, still low compared to the total number of covariates (𝑝 = 28). The higher empirical PFER compared to the imposed 
bound can be attributed to the higher problem dimensionality, where it becomes more difficult to ensure small correlations between 
true and noise covariates, such that the assumption of the PFER bound — exchangeability of the selection of noise variables — is 
likely not met (Meinshausen and Bühlmann, 2010). For the 𝐿0 penalty, we find that the empirical PFER is generally below the 
imposed bound, only reaching 1.01 in the worst case. This highlights the importance of the underlying selection method. 

Overall, these results further support the conclusion that stability selection with an adaptive 𝐿0 penalty is a robust and effective 
method for variable selection in spatial point processes under noise. Even if error control is not perfect, it still provides a principled 
way for model selection, which is crucial for interpretability.
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Fig. A.19. Variable-selection performance for a Thomas point process with localization uncertainty (scenario T1) using 𝑝 = 28 covariates. We 
show the mean (over 100 independent repetitions of each experiment) True Positive Rate (TPR), False Positive Rate (FPR), Positive Predictive 
Value (PPV), 𝐹1 score, and feature-selection stability 𝛷𝑆 for model selection using the BIC (A), ERIC (B), and stability selection with PFER ≤ 1 (C)
with adaptive 𝐿0 (top row of each subfigure) and adaptive 𝐿1 (bottom row of each subfigure) penalties. Each panel shows a performance metric 
(top titles, color bars) for different noise magnitudes 𝑐 (𝑥-axis) and sample sizes E𝑁(𝑊 ) (𝑦-axis). The average metrics over all 25 experiments 
are given in the panel titles with arrows (↑ ∕ ↓) indicating the direction of improvement.
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Fig. A.20. Empirical PFER compared with the desired bound PFER ≤ 1 when using stability selection for all experiments in scenario T1 with 
𝑝 = 28 covariates. The red crosses indicate cases where the empirical PFER exceeds the desired bound.

Data availability

The data, models, and source codes that support the findings of this study are openly available at the URL/DOI given in Sturm 
and Sbalzarini (2025).
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